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<N ■ Abstract 

The fc-cosymplectic Lagrangian and Hamiltonian formalisms of first-order field theories are 
reviewed and completed. In particular, they are stated for singular and almost-regular systems. 
Subsequently, several alternative formulations for fc-cosymplectic first-order field theories are 
■ developed: First, generalizing the construction of Tulczyjew for mechanics, we give a new inter- 

s' [ pretation of the classical field equations in terms of certain submanifolds of the tangent bundle 

of the A^-velocities of a manifold. Second, the Lagrangian and Hamiltonian formalisms are 
unified by giving an extension of the Skinner-Rusk formulation on classical mechanics. Finally, 
fS |. both formalisms are formulated in terms of Lie algebroids. 
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1 Introduction 

Giinther's ( fc-symplectic) formalism [U [21 [To] [38] is the generalization to first order classical field 
theories of the standard symplectic formalism in mechanics, which is the geometric framework for 
describing autonomous dynamical systems. In this sense, the &-symplectic formalism is used to 
give a geometric description of certain kinds of field theories: in a local description, those whose 
Lagrangian does not depend on the coordinates in the basis (in many of them, the space-time 
coordinates); that is, it is only valid for Lagrangians L(q l ,v A ) and Hamiltonians H(q l ,pf) that 
depend on the field coordinates q l and on the partial derivatives of the field v\. 

The /c-cosymplectic formalism is the generalization to field theories of the standard cosym- 
plectic formalism in mechanics, which is the geometric framework for describing non-autonomous 
dynamical systems |28[ 129] . This formalism describes field theories involving the coordinates in 
the basis (t 1 ,... ,t k ) on the Lagrangian L(t A , q l , v\) and on the Hamiltonian H{t A ,q l ,pf). The 
&-cosymplectic formalism was introduced in |28[ 129] . One of the advantages of this formalism, 
and of Giinther's (fc-symplectic) formalism, is that only the tangent and cotangent bundle of a 
manifold are required to develop it. In addition, there are also other polysymplectic formalisms for 
describing field theories, such as those developed by G. Sardanashvily et al [121 [131 E3L an d by I. 
Kanatchikov [IB], as well as the n-symplectic formalism of L. K. Norris |36[l40j. Let us remark that 
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the multisymplectic formalism is the most ambitious program to develop the Classical Field Theory 
(see for example [5j |9l [101 [T31 [151 US > an d references quoted therein) . In [32j |25] the equivalence 
between the multisimplectic and £>cosymplectic description is shown, when the theories with trivial 
configuration bundles are considered. 

In this paper, we first review the /c-cosymplectic formalism for singular field theories, improving 
previous developments on this topic [29]. After this, the main aims are: 

1. To introduce certain submanifolds ofTM® ... ®TM, the Whitney sum of k copies ofTM, 
which allows us to describe the Euler- Lagrange and Hamilton equations. 

This part of the paper is inspired in |45[ 146] . where Tulczyjew formulates Hamiltonian dynamics 
in terms of Lagrangian submanifolds of a symplectic manifold. M. de Leon et al. generalize 
Tulczyjew's paper to higher-order Lagrangian systems in [20] and to classical field equations in 
terms of submanifolds of multysymplectic manifolds in [2"Tl 124] . In [23J, Tulczjew's construction 
is extended to Lagrangian Mechanics on Lie algebroids in terms of Lagrangian Lie subalgebroids, 
which are submanifolds of a Lie algebroid r : E — > Q. 

2. To extend the Skinner-Rusk formalism to k -co symplectic classical field theories. 

In [33], the authors developed the Skinner-Rusk formalism in order to give a geometrical unified 
formalism for describing mechanical systems. It incorporates all the characteristics of Lagrangian 
and Hamiltonian descriptions of these systems (including dynamical equations and solutions, con- 
straints, Legendre map, evolution operators, equivalence, etc.). This formalism has been gener- 
alized to time-dependent mechanical systems [7J, to the multisymplectic description of first-order 
field theories [11] [22] , and also to the fc-symplectic formulation of field theories [UJ . 

We extend this unified framework to the fc-cosymplectic description of first-order classical field 
theories [28, 29J, and to show how this description comprises the main features of the Lagrangian 
and Hamiltonian formalisms, both for the regular and singular cases. 

3. To develop the k -co symplectic formalism in terms of Lie algebroids. 

In [32], a theory of Lagrangian Mechanics is developed in a similar way to the formulation of 
the standard Lagrangian Mechanics. This approach differs from that followed by A. Weinstein [48] . 
A good survey on this subject is [23]. The multisymplectic formalism for classical field theories is 
extended to the setting of Lie algebroids in |34[ [35] , and in [37] a geometric frameword for discrete 
Classical Field theories on Lie groupoids is presented. 

The organization of the paper is as follows: 

Section 2 is devoted to reviewing the main features of the fc-cosymplectic formalism of La- 
grangian and Hamiltonian field theories, and to stating these formalisms for singular systems. 
First, the field theoretic phase space for the Hamiltonian approach space is M fc x (T£) *Q, where 
(Tl) *Q = T*Q@ A ®T*Q is the Whitney sum of fc-copies of the cotangent bundle T*Q of a 
manifold Q. This space is the canonical example of a fc-cosymplectic manifold. The field phase 
space for the Lagrangian description is R k x T^Q, where T^Q = TQ® A ®TQ is the Whitney 
sum of fc-copies of the tangent bundle TQ. T^Q has the canonical fc-tangent structure, given by 
k canonical tensor fields of type (1, 1) satisfying certain properties. This structure on ThQ can 
be lifted to M. k x TuQ. Using the extended tensor fields or the Legendre map and a Lagrangian 
function, we can construct a k- cosymplectic (or /c-precosymplectic) structure on x T^Q whose 
1-forms and 2-forms enable us to develop the Lagrangian formalism. 

In Section 3 we develop the first aim of the paper. We give a new interpretation of the classical 
field equations in terms of certain submanifolds of T^(R k x (T£)*Q). In order to do this, we 
introduce 2k derivations %t a and dr A , 1 < A < k from f\ M to (\ T^M, for a differentiable manifold 
M. These derivations are the main tools for developing the rest of the section and there is a 
generalization of the derivations introduced by Tulczyjew in [45, 46]. 

In Section 4 we develop the unified formalism for field theories (second aim), which is based 
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on the use of the Whitney sum M = (R fc x T^Q) © K k X Q (R fc x (T£) *Q). There are canonical 
"precosymplectic" forms on M. (the pull-back of the canonical cosymplectic forms on each R x T *Q) 
and a natural coupling function, which is defined by the contraction between vectors and covectors. 
Then, given a Lagrangian L E C°°(R fc x T^Q), we can state a field equation on M.. This equation 
has solution only on a submanifold Ml, which is the graph of the Legendre map. Then we prove that 
if Z = (Z±, . . . , Z/~) is an integrable k- vector field, which is a solution to this equation and tangent 
to Ml, then the projection onto the first factor R fe xT^Q of the integral sections of Z are solutions 
to the Euler-Lagrange field equations. If L is regular, the converse also holds. Furthermore, we 
establish the relationship between Z and the Hamiltonian and the Lagrangian /c-vector fields of the 
fc-cosymplectic formalism, X# and X^. 

In Section [5] we present some basic facts on Lie algebroids, including results form differential 
calculus, morphisms and prolongations of Lie algebroids. In this section we also introduce a bundle 

k 

T^P = (R fc x © E) x R fc xT iQ T^(R k x P) — > P which is said to be the /c-prolongation of a Lie 
algebroid r : E — > Q over a fibration tt : P — ► Q. This space is a generalization of the prolongation 
of Lie algebroids and it is the fundamental geometric element to develop the Lagrangian and 
Hamiltonian fc-cosymplectic field theory on Lie algebroids. 

Section [6] is devoted to developing a Lagrangian and Hamiltonian /c-cosymplectic description 
of field theories on Lie algebroids. In particular, in section 16.11 we develop the /c-cosymplectic La- 
grangian formalism on Lie algebroids. The fundamental point of this development is to consider the 

manifold TJ?P with P =0 E and the geometric objects defined on Tj®(@ E). Given a Lagrangian 

function L : W k x © E — > M, solving certains equations we obtain a section £l of T®[® E) such 
that its integral sections are solutions to the Euler-Lagrange equations for L. Finally in section 
16.1.31 we recover the standard Lagrangian /c-cosymplectic formalism described in section 12.21 as a 
particular case of the section [6] when E = TQ. Section [6.21 is devoted to developing a Hamiltonian 
A;-cosymplectic description of field theory on Lie algebroids. This description is similar to the La- 

k 

grangian case; now we consider the vector bundle T k r(ffi E*), where E* — > Q is the dual bundle 

h k 

of E. Given a Hamiltonian function H : R X E* — > R, solving certains equations we obtain a 

F k 

section of TJr(f& E*) such that its integral sections are solutions to the Hamilton equations for 
H. Taking E = TQ, the results in sections 16.11 and 16.21 coincide with the results of the standard 
fc-cosymplectic formalism described in section 2. Thus the standard /c-cosymplectic formalism can 
be recovered as a particular case of the description on Lie algebroids. 

Manifolds are real, paracompact, connected and C°°. Maps are C°°. Sum over crossed repeated 
indices is understood. 



2 The standard k- cosymplectic formalism in field theory 

2.1 Hamiltonian formalism |28j 
2.1.1 Geometric elements 

Let Q be a differentiable manifold, dimQ = n, and Tq : T *Q — > Q its cotangent bundle. Denote by 
(Tl) *Q = T *Q® . k .®T *Q, the Whitney sum of k copies of T *Q. The manifold (T£) *Q can be 
identified with the manifold J 1 (Q,M k )o of 1-jets of mappings from Q to R fc with target at € R fc , 

J 1 (Q,R*) = T*Q® k .@T*Q 
JgV = ( d(jl (q),---,da k (q)) , 
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where a A = tt a o a : Q — > R is the A th component of a, and tt a : R k — > R is the canonical 
projection onto the A th component, for 1 < A < k. (TjJ) *Q is called the cotangent bundle of 
k 1 -covelocities of the manifold Q. 

The manifold J 1 ttq of 1-jets of sections of the trivial bundle ttq : R k x Q — > Q is diffeomorphic 
to R fc x *Q, via the diffeomorphism given by 

JVq -» R fc x (Tl) *Q 
jl</> = 3 l q {^QJd Q ) i-> (0o(g),«J,... ,a*) , 

where <£ Q : Q ^ R fc x Q ^ R fc , a f = d(<t> Q ) A (q), 1 < A < k, and (0 Q ) A : Q ^ R fc 4 R. 
Throughout the paper we use the following notation for the canonical projections 

R k x {Tl) *Q R k x Q ^ Q , 

and (ttq) i = ttq o (7Tq)i j0 , where 

KQ{t,q)=q, (nQ) 1)0 (t,al,...,a*) = (t,q), {ir Q )i{t, a\, . . . , a\) = q , 

with £ G R fc , gGQ and (aj, . . . , a*) G (T*) *Q. 

If (q l ) are local coordinates on U C Q, then the induced local coordinates (q l ,Pi), 1 < i < n, 
on (tq)- 1 ^) = T*U CT*Q, are given by 

g l (a g ) = g\g), Pi(a 5 ) = a q J , 

and the induced local coordinates (t A , q l ,p A ) on [(7Tq)i] _1 (C/) = R fc x *U are given by 



or equivalently, for 1 < i < n and 1 < A < k, 

d_ 
dq 



t A {t,a X q ,...,a k q ) =t A , j(t,a\,...,a$) = q\q), p\(t, a\, . . . , a k q ) = a A ( ^- 



On R k x (Tl) *Q, we define the differential forms 

fl A = (7T A )*dt A , 6 A = (TT A )*e , U A = (v A )*U Q , 

where tt a : R k x (Tl) *Q -> R and vif : R fc x (T^ 1 ) *Q -> T *Q are the projections defined by 

A / / 1 few A j4 / / j h\\ A 

n 1 (t, (a q , . . . ,a q )) = t , ir 2 (t,(a q ,...,a q )) = a q , 

uj = —d9 = dq 1 A dpi is the canonical symplectic form on T *Q and 9 = pi dq 1 is the Liouville 1-form 
on T*Q. Obviously ui A = -d8 A . 

In local coordinates we have 

V A = dt A , 6 A = p A dq i , uj A = dq i A dpf . (1) 
Finally, consider the vertical distribution of the bundle (ttq )i,o : R k x (Tl) *Q^R k x Q, 

" -<£...., £) m n 

A simple inspection of the expressions in local coordinates (pQ) shows that the forms rj A and uj a 
are closed, and the following relations hold 
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1. n 1 A---A V k ^O, ( v A )\y*=0, (u A )\ v * xV *=0, 

2. (D A=1 ker r] A ) n (f) A=1 ker oj A ) = {0}, dim(D k A=1 ker uj A ) = k, 




Then, from the above geometrical model, we have the following definition [28]: 



Definition 2.1 Let M be a differentiable manifold of dimension k(n + 1) + n. A /c-cosymplectic 
structure on M is a family (r] A , uj a , V), where each r\ A is a closed 1-form, each uj a is a closed 
2-form and V is an integrable nk- dimensional distribution on M , satisfying 1 and 2. In this case, 
M is said to be an fc-cosymplectic manifold. 

Theorem 2.1 128]/ (Darboux Theorem) If M is a k-cosymplectic manifold, then around each point 
of M there exist local coordinates (x A ,y l ,z A ); 1 < A < k,l < i < n, such that 



For every fc-cosymplectic structure (t]a,uja,V) on M, there exists a family of k vector fields 
{Ra} characterized by the following conditions 



They are called the Reeb vector fields associated to the fc-cosymplectic structure. In the canonical 
model Ra = d/dt A . Observe that the vector fields {d/dt A are defined intrinsically in R k x (Tfc 1 ) *Q, 
and span locally the vertical distribution with respect to the projection M fc x (T^) *Q — > (T^) *Q. 

2.1.2 k-vector fields and integral sections 

Let M be an arbitrary manifold, T^M the Whitney sum TM© . k . ®TM of k copies of TM, and 
tm '■ T^M — y M its canonical projection, tm '■ TlM — > M is usually called the tangent bundle 
of /^-velocities of M, the reason for this name will be explained later in Section [2.2.11 

Definition 2.2 A fc-vector field on M is a section X : M — > T^M of the projection tm- 

Since T^M is the Whitney sum TM© k . ©TM of k copies of TM, we deduce that giving a 
vector field X is equivalent to giving a family of k vector fields X%, . . . ,Xk on M by projecting 
X onto every factor. For this reason we will denote a A;- vector field by (X\, . . . , Xk). 

Definition 2.3 An integral section of the k-vector field (X\, . . . , X^) passing through a point 
x G M is a map (j) : U C R k -> M, defined on some neighborhood Uq of G M fc , such that 



We say that a k-vector field (X\, . . . , Xk) on M is integrable if there is an integral section passing 
through each point of M . 

Observe that, if k = 1, this definition coincides with the definition of integral curve of a vector 
field. In the /c-cosymplectic formalism, the solutions to the field equations are described as the 
integral sections of some A;- vector fields. 




The canonical model for these geometrical structures is x (T^) *Q, r/ A , oj a , V *). 



iR A ri B = Si 



i Ra uj b = 0, l<A,B<k 
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then 



2.1.3 /c-cosymplectic Hamiltonian formalism 

Let H : M. k x (Ti) *Q ->Rbea Hamiltonian function. Let X = (Xi, . . . , X k ) be a /c-vector field on 
M fc x (TjJ) *Q, which is a solution to the following equations 

dt A (x B ) = 5 A B , £*xX = ^-£§^ A - (2) 

i=l A=l 
If X = (Xi, . . . , Xfc) is an integrable A;- vector field, locally given by 

Xa = {Xa)B ^ + {XA)i w + {XA)f aj? 

(*A) B = 5l ^A = (Xa)\ 9 ^ = -h^)t, (3) 

and if ip : R k — > M fc x (T£) *Q, locally given by ip(t) = (ip A (t),ip' l (t),ipf(t)), is an integral section 
of X , then 

~bW - 5ab > W - {Xb) ' ~tW - {Xb)i ■ 

Therefore, from ([3]) we obtain that cj>{t) is a solution to the Hamiltonian field equations 

So, equations ([2]) can be considered as a geometric version of the Hamiltonian field equations. 

Remark 2.1 The above Darboux theorem allows us to write the Hamiltonian formalism in an 
arbitrary /c-cosymplectic manifold (M, n A , uj a , V), substituing the equations ([2]) by 



rj A (X B ) = 5 A , '£i XA u; A = dH+J2(l-K A (H))r l A . 

A=l A=l 

If (M, n A , uj a , V) is a /c-cosymplectic manifold, we can define the vector bundle morphism 
: T\M — ► T*M 



'Xa 1 ^ "I"'/ l^A/^ 
A=l 

and denoting by A4k(C°°(M)) the space of matrices of order k whose entries are functions on M, 
we can also define the vector bundle morphism 

4: T\M — ► M k {C°°{M)) 

(X 1 ,...,X k ) -> r ? tt(^i,...,X fc ) = (7 ? A (X i? )). 

Then, the solutions to ([2]) are given by (Xi, . . . ,X k ) + (ker f2" n kerry"), where (Xi, . . . ,Xfc) is a 
particular solution. 
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2.2 Lagrangian formalism |29] 



2.2.1 Geometric elements 



The tangent bundle of A^-velocities of a manifold 

Let tq : TQ — > Q be the tangent bundle of Q. Let us denote by T^Q the Whitney sum 
TQ® A 0TQ of A; copies of TQ, with projection : T^Q -» Q, rj(«i q , . . . ,« fcq ) = q. TjjQ 
can be identified with the manifold jQ(M fc ,(5) of the k l -velocities of Q, that is, 1-jets of maps 



a : 



Q with source at G R , say 



J^(R k ,Q) = TQ®. k .®TQ 
d 

where q = cr(0), and t>A q = <^*(0)(^j )• is the tangent bundle of k 1 -velocities of Q [37] . 
If ((f) are local coordinates on £/ C Q, the induced coordinates (q l ,v l ) on TC7 = Tq 1 (U) are 

and the induced coordinates u^), 1 < i < n, 1 < vl < k, on T^f = (tq) _1 (C/) are given by 

g*(«l q , • • • , Vfcq) = ^(q), ?4( u lq> • • • > w fcq) = ^q(<f ) ■ 

In general, if F : M — > is a differentiable map, then the induced map Tl (F) : TiM — > T^Af 
defined by T^(F)(j^g) = $(F o g) is given by 



r fc(^)(«lg> • • = (-F*(g)«lg, • • • > F *(.<l) v k q ) , 

where v% q , . . . , € T q Q, q £ Q , and -F*(g) : T g M — > T F r q -\N is the induced map. 



(5) 



The manifold T£(R fc x P) 

Let 7T : P — > Q be an arbitrary fibration. We use the tangent bundle of /^-velocities of the 
manifold R k x P, then we consider the vector bundle T^ kxp : T k 1 (R k x P) — > M fc x P. 

An element W (tjP ) G (r^ xF ) _1 (t,p) is given by W (tjP ) = 0i (tjP) , . . . , ujfc(t,p))- 

Since (t , q\ vf) are the local coordinates on R k x P, we write each vector (t>A)(t,p) as follows 







( v A)(t, P ) = Mb-q^ 



(t,p) 



+ M* 



,9 9 



(t,p) 



Thus the local coordinates it 15 ) induce the local coordinates (t A , q l , u , {va)b, (va)\ (va)®) 

in T^(R k x P). 

Taking into account the identification T^(R k x P) = T^R k x T^(P) given by 



( u l(t,p) 5 • • • i v k(t,p)) 

d_ 

dt B 



{vi) B - 



• • • , (Vk) 



d 



B 



dt B 



d_ 

dq % 



d 



we consider the map 

F = r k x Tfa) : T^(R k x P) = 1*R* x T^P 



x T kQ 
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which is given by 



■ d 

F(W {tjP) )=F(v 1{t>p) ,...,v k{tjp) ) = (t,(viYg- 



since T£(ir) = Tir x . . . x TV, and 



dq l 



Thus 



F = r k x T^tt : (t A , q\u\ (v A ) B , (v A )\ (v A f) -> (t A , q\ (v A y) 



d_ 

dq l 



KA<k. 



(6) 



B 



(7) 



This map F will be used in the description of the Tulczyjew's Lagrangian formalism and in the 
definition of the fiber bundle T k E P (see section [5^3]) . which is the fundamental geometric element 
to develop the A;-cosymplectic formalism on Lie algebroids (see section [6]) . 

The manifold R k x T^Q 

Next we see that the manifold R k x T\Q is a cosymplectic manifold when a regular Lagrangian 
L : R k x TlQ -» R is given. 

The manifold J 1 7^ of 1-jets of sections of the trivial bundle 
to R k x TjQ, via the diffeomorphism given by 



xQ 



is diffeomorphic 



J 1 



l k x TlQ 



where 



3t4> = jt( Id Rk,(t)Q) -> ,*>&) 





L fc R fc x Q 3 Q, and w A = (<fo)*(t) 



Denote by pg : R fe x T^Q — > Q the canonical projection, that is PQ(t, v\ q , . . . , v kq ) = q- If 
(q l ) are local coordinates on U C Q, then the induced local coordinates (q l ,Vi), 1 < i < n, on 
Tq 1 (U)=TU <ZTQ, are given by 

(i{v q ) = q i (q), Vi(v q ) = Vqiq'), 

and then the induced local coordinates (t^ 4 , <f , v l A ) on pg 1 (C7) = R* x T k l U are given by 

d(q l o 



t A {j^) = t A , g t (itV) = ? t (0o(*)) > «k(it 



0t A 



(*) 



or equivalently, 



t A (i, uxg, . . . , = t A ; g l (t, • • • , Vjfcg) = q l (q); v\{t, Vlg, v kq ) = v Aq {q % ) , 
Throughout the paper we use the following notation for the canonical projections 

M * x (rl)Q ( ^'° K fc xQ^K fe 
and (vr K fc)i = 7r Rfc o (7r Rfc )i,o, where, for t G R k , q G Q and (v lq , v kq ) G T^Q, 

KRk(t,q) =t, (Tr R k)ifl(t,vi q ,. . . ,v kq ) = (t,q), (ir R k)i(t,vi q ,. . . ,v kq ) =t . 
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Canonical vector fields and tensor fields on R k x T^Q. Poincare-Cartan forms 

Denote by A the canonical vector Geld (Liouville vector Geld) of the vector bundle (7r K fc)i o : 
R k x T^Q -* l fc x Q. This vector field A is the infinitesimal generator of the following flow 

R x (R k x TlQ) — ► R k x TlQ 

(s,(t,v lq ,...,v kq )) — > (t,e s v lq ,...,e s v kq ) 
and in local coordinates it has the form 

k 

A can be written as the sum A = A a, where each vector field A^ is the infinitesimal generator 

A=\ 

of the following flow 

R x (R k x TlQ) — ► R k x TlQ 
(s,(t,v lq ,...,v kq )) — > (t,v lq ,...,v A - lq ,e s v Aq ,v A +i q ,-.-,v kq ). 

Definition 2.4 For a vector X q at Q, and for A = 1, . . . , k, we define its vertical ^4-lift (X q ) A 
as the local vector field on TQ^ 1 (q) C TlQ given by 



d 



A 



(X q ) A {w q ) = — _ n [w q + (0,...,0,s X q ,0,...,0)) , forw q = {v lq ,...,v kq )£T k 1 Q. 



-o 

d 



In local coordinates, for a vector X n = a 1 r we have 

9 dq l 

(X q ) A = a i JL . (8) 

The canonical k-tangent structure on TlQ is the set (S 1 , . . . , S k ) of tensor fields of type (1, 1) 
defined by 

S A {w q ){Z Wq ) = (n(w q )(Z Wq )) A , for all Z Wq G T Wq (T k Q), w q G T fe x Q . 
From ([8j) , in local coordinates we have 

S A = ^ T ®dq i (9) 

A A 

The tensors S can be regarded as the (0, . . . , 0, 1, 0, . . . , 0)-lift of the identity tensor on Q to 
TlQ defined in [37]. 

In an obvious way, we consider the extension of S A to R k x TlQ, which we also denote by S A , 
and they have the same local expressions ([9]). 

The /c-tangent manifolds were introduced as a generalization of the tangent manifolds in [26}I27]. 
The canonical model of these manifolds is TlQ with the structure given by (if? 1 , . . . , S k ). 

As in the case of mechanical systems, these tensor fields S A allow us to introduce the forms A 
and u A on R k x TlQ as follows 

6 J t = dLoS A , lj a = -del , 

with local expressions 



dq 1 u>t = dq l Ad[ — ) . (10) 
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Second order partial differential equations on M. k x T\Q 

Now we characterize the integrable A;- vector fields on R fe x T^Q whose integral sections are 
canonical prolongations of maps from R k to Q. 

Definition 2.5 A k-vector field X = {X\, . . . , X^j on M. k xT^Q is a second order partial differential 
equation fsOPDE for short) if : 

dt A (X B ) = 5 A , S A (X A ) = A A . 

Let (q l ) be a coordinate system on Q and (t A , q\ v A ) the induced coordinate system on R fc x T^Q. 
A direct computation in local coordinates shows that the local expression of a SOPDE (X\, . . . , X^) 
is 

x A (^y B , = ^ + ^ + (x A y B ^-, (ii) 

where (X A ) B are functions on M. k x TjjQ. As a direct consequence of the above local expressions, 
we deduce that the family of vector fields {Xi, . . . , X^} are linearly independent. 

Definition 2.6 Let <f> : M fc — > Q be a map, the first prolongation (/>M of (f> is the map 

0[i] : — > R k x t 1q 





t) — \dt 



*(*) ( «5f 



where 4>t(s) = <j>(t + s). In local coordinates 

^,...A = {t\...,t k A\t\...,t k )^{t\...,t k )y 

Lemma 2.1 Let (X\, . . . ,X k ) be a SOPDE. A map ip : M fc — > IR fc x T^Q, gwen &?/ ^(t) 
(ip A (t), ^>*(£), ip A (t)), is an integral section of (X\, . . . ,X k ) if, and only if, 



V(t) = t A + c A , i&(t) = |£(t), ^ s (t) = (x A y B (m)- (12) 

(Proof) Equations (|12p follow from Definition 12.31 and (jlip . 



Remark 2.2 The integral sections of a SOPDE are given by ^>(i) = ( t A + c" 4 , -0* (£) , (*) J > wnere 
the functions ip l (t) satisfy the third equation in (|12p and c" 4 are constants. In the particular case 
c = 0, we have that V = 4> [l] where = p Q o ifi : M fc ^ M fc x z£Q ^3 Q; that is, <£(t) = (^*(t)). 

Conversely if : M fc — ► Q is any map such that 







dt A dt B 



then </>M is an integral section of (X±, . . . , X k ). 

Observe that if {X\, ■ ■ ■ ,-Xjfe) is integrable, from (JT2J) we deduce that (X A ) B = (Xb) a - 
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Lemma 2.2 Let X = (X±, . . . , Xf~) be an integrable k-vector field on M. k x T^Q. If every integral 
section of X is the first prolongation <p^ of map 4> : M fc — > Q, then X is a SOPDE. 

(Proof) Let us suppose that each X A is locally given by 

XaMJb) = ( X *f^B + ™'^J + ^)b4t ■ ( 13 ) 



Let ip = 4>^ : R k — > R h x T\Q be an integral section of X, then from (JTTJ), (JTHJ) and Definitions 
and 12.61 we obtain 



(X A ) B {^\t)) = 5l (X A f(^(t)) = |^(i) = v\(^(t)), (X A )W 1] (t)) = 
thus X^4 is locally given as in (fTTj) . 



2.2.2 The Legendre map and the Lagrangian forms 

Given a Lagrangian L : M fc x T\Q -> R the Legendre map FL : M fc xT^Q — ► M fc x (T\) *Q is 
defined as follows: 

FL(t, v lq , . . . , Ufcg) = (i, . . . , [FL(£, uig, . . . , Vfc g )] A , . . .) , 



where 

\FL(t.in. Jl A r7/.„l = 

ds 



FL(t, V lq , V kq )]f(u q ) = ^_L (t, V lq , ...,V Aq + SU q , V kq ) . 



It is locally given by 

FL : (t A ,q i ,v i A ) — > (t A ,q i , J^- ) . (14) 



From (jlOp and (|14p the following identities hold 

#f = FL *8 A , <jj A = FL *u A . (15) 

Definition 2.7 ^4 Lagrangian function L :M k x TjjQ — > M is said to be regular (resp. hyperreg- 
ularj if the corresponding Legendre map FL is a local (resp. global) diffeomorphism. Elsewhere L 
is called a singular Lagrangian. 



From (1141) we obtain that L is regular if, and only if, det ( — ^ — ■ | 

\dv\dv> B ) 



+ 0, 1 < i,j < n, 



1 < A,B < k. Therefore (see [29J): 



Proposition 2.1 The following conditions are equivalent: (i) L is regular, (ii) FL is a local diffeo- 
morphism. (in) (dt A ,u) A , V*) is a k-cosymplectic structure onW k xT^.Q where V* = ker ((ttrOi.o)* : 



d d_ 

A 



^ : ^ i/i=i n ™ ^ e ver tical distribution of the bundle (7rRfc)i,0 : R fe x T^Q — > M fc x Q. 
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Definition 2.8 A singular Lagrangian function L : M fc x T^Q — > R is called almost-regular if 
V := FL(TuQ) is a closed submanifold ofM. k x (Tu) *Q (we will denote the natural imbedding by 
jo : V > M. k x (Tfc) -P 1 -^ is a submersion onto its image, and the fibres FL~ 1 (FL(t,w q )), for 
every (t,w q ) € M. k x T^Q, are connected submanifolds ofM. k x T^Q. 

Observe that the vector fields -^-r are tangent to V. 

dt A 

2.2.3 /c-cosymplectic Lagrangian formalism 

Suppose that a physical system is described by n functions ^(t 1 , . . . , t ). Associated with this 
system there is a Lagrangian L(t A , ■ip 1 , ip A ) , with ^ = -^—^ ; then the Euler-Lagrange equations are 



A / d 2 L d 2 L d 2 L d 2 i>i 



dL 



' \dt A dtp A dqidip A dt A d^ B di) A dt A dt B J dq i 

and we can consider that the Lagrangian L is defined on R fc x T^Q, that is L = L(t A , q l ,v A ), and 
we can write the Euler-Lagrange equations as 

where each solution if> : U C R k -> R k x T\Q is given by ip(t) = (t,^^), • 

Thus each solution ?/>(i) of the Euler-Lagrange equations (|16p is a first prolongation of a map 
: Uo C M k -> Q given by <£(i) = (^*(t)). 

Next we give a geometrical description of these equations. Let us consider the equations 

dt A {(X L ) B ) = 5 A , j^ i{XL)A u J A = dE L +Y j ^ A dt A , (17) 

A=l A=l 
where El = A(L) — L. If (Xl)a is locally given by 

(X l )a = ((^l)a) 5 ^ + ((XzU)* A + ((J^)** , 
ot ag ov B 

we obtain that (fT7|) is equivalent to the equations 

{{Xl)a) B = 5 B a , ^)BY^§- = vh^§- 

{(X L )c) j = vh (18) 

dv B dv J c dv B dvQ 

d 2 L d 2 L d 2 L d 2 L dL 

WHs {vh ~ {{Xl)b)1) + diw B + VB Wdvl + {{XL)B)kc d4d^ = W ■ (19) 

When L is regular, from (|18|) we obtain that this last equation can be written as follows 

d 2 L k d 2 L k d 2 L dL 

dWdvl + VB WcW B + {{XL)B)c d4dvl ~ W ' ( } 
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and then [Xl)a is locally given by 



(x L ) A = 4x + v B 4j + ((XLU) B - d 



dt A B dqi KK U) *' a d-j B 
that is, ((Xl)i, ■■■ , (X L ) k ) is a SOPDE. 



Theorem 2.2 Let L be a Lagrangian and = ((-Xx)i, • • • , {X.L)k) a k -vector field such that 

k k 

dt 1 



dt A ((X L ) B ) = S A , , Hx L U"L =dE L +Y J ^jdt A . (21) 

A=l A=l 



1. If L is regular, then X L = ((X L )i, . . . , (X L ) k ) is a SOPDE. If tp : R k — > R k x T\Q is an 
integral section o/X L , then <p : R k ^ R k x T*Q Q is a solution to the Euler- Lagrange 
equations J76j) . 

2. If ((Xl)\, . . . , (Xi)k) is integrable, and (j)^ : R k — > R k x TlQ is an integral section, then 
(f> :R k — > Q is a solution to the Euler- Lagrange equations (16\) . 



(Proof) 1 is a consequence of f)18|) and (|20p . If is an integral section, from (|19p and the local 
expression of we have that is a solution to the Euler-Lagrange equations (|16|) . ■ 

Remark 2.3 If L : R k x T^Q — > R is a regular Lagrangian, then (dt A , u> A , 14) is a A;-cosymplectic 
structure on R k xT^Q. The Reeb vector fields (Rl)a corresponding to this A;-cosymplectic structure 
are characterized by 

HRL)A dtB = 6 A , HRl)a u) L=®i 
and satisfy (R L ) A {E L ) = -dL/dt A . 

If the Lagrangian L is hyper-regular, that is, FL is a diffeomorphism, then we can define a 
Hamiltonian function H : R k x (T^)*Q ^Rby H = E L o FL' 1 where FL' 1 is the inverse map of 
FL. Then we have the following: 



Theorem 2.3 1. If X L = ((X L )x, . . . ,(X L ) k ) is a solution to [Tfy, thenX H = ({X H ) 1 , . . . ,(X H ) k ), 
where {X b )a = FL*((Xl)a) is a solution to the equations (0|) in R k x (Tu)*Q, with r\ A = rj A , 
oj a = uj a , and H = E L o FL' 1 . 

2. //X^ = ({Xl)\, . . . , (Xl)^) is integrable and <fi^ is an integral section, then ip = FL o is 
an integral section of X# = {{Xh)i, ■ • • ; (Xji)k) an d thus it is a solution to the Hamilton 
field equations ^ for H = El o FL^ 1 . 

(Proof) 

1. It is an immediate consequence of ([2]) and (|17p using that FL*7] A = dt A , FL* uj A = u> A , and 
E L = H oFL- 1 . 
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2. It is an immediate consequence of Definition 12.31 of integral section of a k- vector field. 



Remark 2.4 If we rewrite the equations (|2ip for the case k = 1, we have 

dL 

dt{X L ) = 1 , ix L uJ L = dE L + —dt , 
which are equivalent to the dynamical equations 

dt(x L ) = i , i XL n L = o 

where Ql = <^L + dEi A dt is the Poincare-Cartan 2- form associated to the Lagrangian L (see 
[8]). This describes the non-autonomous Lagrangian mechanics. Then, applying theorem 12.31 the 
non-autonomous Hamiltonian mechanics is obtained. 

If the Lagrangian L is singular, then the existence of solutions to the equations (|17[) is not assured 
except, perhaps, in a submanifold of M. k x T^Q (see [29]). Furthermore, when these solutions exist, 
they are not SOPDE, in general. Thus, in order to recover the Euler-Lagrange equations (|16p . the 
following condition must be added to the equations (pT7|) (see definition 12. 5p : 

S A {X A ) = A A . 

If the Lagrangian is almost-regular, then there exists Hq 6 C°°(V) such that (FLq) *Hq = El, 
where FLq : M. k x T^Q — > V is defined by jqoFLq = FL. The Hamiltonian field equation analogous 
to © should be 

i=l A=l 

where Xo = ((Xo)i, . . . , (Xo)k) (if it exists) is a k- vector field on V. The existence of A;- vector fields 
in V solution to the above equations is not assured except, perhaps, in a submanifold of V. 



3 Tulczyjew's submanifolds for /c-cosymplectic field theories 

This approach is inspired in papers [35J H6] and [21~| [24]. 
3.1 Derivations on T\M 

Let us denote with f\ N the algebra of the exterior differential forms on an arbitrary manifold N. 
In \45\ I46j . a derivation ij^ of degree —1 from f\ M on f\ TM over tm ■ TM — > M was defined in 
an arbitrary manifold M by %t\^ = if fi is a function on M, and by 

i T n(v x )(Z* x ,. ..,Z l v J= fi(p)(v x , (t m )*(vx){ZvJ, . . . , {t m )*{v x ){Z 1 Vx )), 

if n is a I + 1-form, where x G M, G T Vx (TM). 

A derivation cZt of degree from /\(M) on f\TM over r is defined by dx/J- = irdfj- + dixfJ>, 
where d is the exterior derivative. We have ddT = dTd. 
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We extend the above definition as follows: for every A = 1, . . . , k we define a derivation ij> of 
degree —1 from /\(M) on /\ T^M over r : T^M — > M by it a ^ = if \x is a function on M, and by 

ir/W(^.' • • > = m(p)(taK), nK)(^J, ■ ■ ■ , (22) 

if ^ is an I + 1-form, where : Tj,M — > M is the projection on the j^-component of T^M, 
w x <^T\M and Z j Wx G T Wx (T^M), l<i<l,. 

A derivation dr A of degree from /\(M) on /\ T^M over r is defined by dx A fJ- = ir A dfi + dir A lJ>, 
where d is the exterior derivative. We have ddx A = dx A d. 

3.2 Tulczyjew's Hamiltonian formulation 

In this subsection it is important to consider the paragraph "The manifold T^(M fc x P)" of the 
Section [2.2,11 Here we consider the particular case P = {T^)*Q. 

Let W {t , a) = (v hta) ,...,v k(ta) ) be a point in l£(R* x (T fc x ) *Q) where (t,a) G M fc x (T£) *Q, 
that is u A G T (tja) (R fe x (T^ 1 ) *Q), 1 < A < fe. We write 



(/ (/ 9 



9 



d_ 

(t,a) ' ^ 97 



and we introduce the canonical coordinates (t A , <f,pf, {va)b, (va)\ {vA)f) on T^(M. k x (T^) *Q). 

Let oj a be the canonical 2-forms on M fc x (Tt) *Q introduced in the subsection 2.1.1. From ([22 
we introduce the 1-forms iT A u A on Tl(R k x (T£) *Q), which are locally given by 



i T X = ^ - Mi* dq l ) . (23) 

i=l 

Let H : M fc x (T^) *Q be a Hamiltonian function. Associated with H we define the submanifold 

Dh = [W {t>a) G r fc !(IR fc x (Tl) *Q) : dt B (vA( t a) ) = 5 B , 



A=l 



where r Mfc>< ( T i) ,q : T^(R k x (T£) *Q) — > M k x (T£) *Q is the canonical projection of the tangent 
bundle of ^-velocities of R k x (T^) *Q. 

From (f23l) we deduce that .D# is locally defined by the constraints 



(v A ) B (W {t>a) ) = Si, {v A )\ W{tta) ) = ^ 



<(Tb *Q(- W (t,a)) 



A=l y 



(24) 



r Kfex(Tl) *Q( H/ (i,«)) 



and thus dimD# = k + (nfe) + k(nk). 



Proposition 3.1 Lei X = (X\, . . . , X^) be an integrable k -vector field on M. k x (Tu) *Q such that 
imX C Dh- Then its integral sections are solutions of the HDW- equations. 
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(Proof) If 



x A = (x A ) B ^ + (x A r4- + {x A )f " 



dp + {XA)l Yq 

then from (|24p and definition of Dh we have that 



1 dp? 



(x A ) B (w {t , Q) ) = 5%, (x A y(w (tja) ) 



dH 



dp\ 



<(T.l) * Q ( W (t, a )) 



A=l q 



(25) 



<{T i) * Q (W ( t, a )) 



If X is integrable and if %jj : R k 
section of X , then we obtain 



x (T£) *Q, given by ip(t) = (ip A (t),^(t),i;f(t)), is an integral 



dip 1 



dt A 



dip 



(x A nm), . = (x B nm) 



di/ji 



{x B )tm)) 



(26) 



dt B t y aj VYK JJ ' dt B 

Therefore, from ()25p and (|26p we obtain that is a solution to the Hamilton field equations (JH) 
where ^(i) = (t + cie,^(i), ■ 



3.3 Tulczyjew's Lagrangian formulation 

Let be the canonical 1-forms on R fc x (T£) *Q introduced in subsection 2.1.1. Then using that 



d9 , we obtain from (|22|) that the 1-forms dx A on 



cLt a O a = —%t a oj a + cHt a 0q, where uj / 
T^(R k x (T*) *Q) are locally given by 

l 

d T J A = (v A ) A dq l +pMvaY e /\T£(R k x (T 1 ) *Q) . 
Let L(t A ,q i ,v i A ) be a function on R k x T^Q and let Dl be the submanifold 



(27) 



dL 



D L = {W [t . a) e n(R k x *Q) : di>A (t . a) ) = «5f , £ dr^ A (^ (t , Q) ) = F *(di - _dt A )(WWI , 



F = (r Rk x T^ttJ) : T^{R k x (T fc 1 )*Q) -» R k x l£Q being the map defined by ©, which, in this 
particular case (i.e., with P = (T^)*Q and it = tTq) is locally given by 

F(t A ,q\p A ,(v A ) B ,(v A y,(v A )f) = (t A ,q\(v A Y). 

From ([27]) we deduce that Dc is characterized by the equations 



{v A ) B {W^ p) ) = 5 B A , pf(W (t , p) ) 



dL 



F ( w (t,p)) 



A=l 



and thus has dimension A; + n/c + nk 



(28) 



Proposition 3.2 Lei * : M fe -» M fc x (T^ 1 ) *Q 6e a section ofR k x (TjJ) *Q 

*W(t) = ($,(t)(^(t)), . . . , e 

f/ien ^ = (ttq)i o : M fc — > Q is a solution to the Euler- Lagrange equations. 



k . If 
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(Proof) If the local expression of \P is given by *(t) = (t A ,¥(t),^ A (t)), then 



_ d » J 



d^ B d 



and thus, we deduce from (|28|) that 



1) 

2) 

3) 

From 2) and 3) we obtain 



B 

A j 



M B (t (1) (t)) = «; 
Pl A (*«(t))=^(*(t)) = ^(t) 



Em?(^«)) = E§(«) = | 



A=l 



A=l 



9 , dL 



dL 



V— f— ) = — 

^ dt AK dv\ F(*W(t)) J dq z 
A=l A 



F{^W(t)y dq i 



Now, we consider the map ?/> = (^q)i ^ locally given by i/j(t) = (*$> l (t)). It is easy to show that 
Fo$W(t) = = ^(t), where is defined in Definition 



So, we obtain 



«M ( 



dt k 



d ,dC 



dC 



that is, V is a solution to the Euler-Lagrange equations. 



4 Skinner-Rusk formulation 



4.1 The Skinner- Rusk formalism for fc-cosymplectic field theories 

Let us consider the Whitney sum M = (R k x T^Q)® R k X Q(M. k x (T£) *Q), with natural coordinates 
(t A , q\ v A ,pf). It has natural bundle structures over R k x T^Q and R k x (T£) *Q. Let us denote 
by pr\ : M. —* IR fc x T^Q the projection into the first factor, pri(t j4 , <f , = (t A , q l ,v l A ) and by 

: KA —* M fc x (T£) *Q the projection into the second factor, pr2(t A , (?\ v l A ,pf) = (t A ,q l ,pf). 

Let (r/ 1 , . . . , ry fc , a; 1 , . . . , io k ) be the canonical forms of the canonical A;-cosymplectic structure on 
R k x{Tl)*Q. We denote 

$ A = (pr 2 ) *dt A = dt A , Q A = (pr 2 ) *uj A , 
and so we have the family (i? 1 , . . . , $ k , fi 1 , . . . , f2 fc ) in Ad. 

Now, taking the fc- vector field ( ^-j-, . . . , j in M fc x (T£) *Q, we can define a family of A;- vector 
fields (£i, . . . , in .M such that 

(pr 2 ).&i = ■ 
These /c-vector fields . . . , satisfy that, for 1 < A, B < k, 

Ha$ B = i U (pr2dt B )=pr 2 *(z d dt B )=5% 

i u tt B = i u (pr 2 *uj B ) =pr 2 {i q uj B ) = , 

dt 1 
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and they are locally given by 

«^ + <^4' (29) 

where (£a)r are arbitrary local functions in M. Hence, this k- vector field is not unique. 
Finally, the coupling function in A4, denoted by C, is defined as follows: 

C : M = (R k xTlQ)(B RkxQ {R k x(Tl)*Q) — > M 

k 

{t,v lq ,...,v kq ,a\,...,a\) i ^ ^a^(uA ? ) 

A=l 

Given a Lagrangian L € C°° (M fc x T^Q), we define the Hamiltonian function TL € C°° (.M) as 

H = C-p ri *L, (30) 

which, in coordinates, is given by 

H= P fv i A -L(t A ,q i ,v\) . (31) 
Then, in this formalism, we have the following problem: 

Statement 4.1 Suppose that an integrable k-vector field Z = (Z%, . . . , Z k ) exists in M, such that 

k k 

$ A (z B ) = 5j } , J2^ A = dn-J2Un)^ A . (32) 

A=l A=l 
The problem is to find the integral sections if) : M k — > M. of Z = {Z\, . . . , Z^). 

Equations (|32p give different kinds of information. In fact, writing locally each Za as 
Z A = (Z A f £ + + (Z^ + ( Z ,)f ^ , 

from (P), (jSU) and ([32]) we obtain 

(Za) B = ft (33) 
A ®L ,„a 

ft =^r°fti ( 34 ) 

= ^ (35) 
D^ = go Fl . (36) 

Then the vector fields are locally given by 

z *=w + ^w +{ZA) °w B +lZA)f ^ • (37) 

where the coefficients {Za$ are related by the equations (f36|) . Observe that these equations do 
not depend on the arbitrary functions (£a)bj that is, on the family of vector fields {Ca} that we 

r 8 i 

have chosen to extend the vector fields < — — r > . 

\ dt A J 

So, in particular, we have obtained information on four different classes: 
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1. The constraint equations (|34p . which are algebraic (not differential) equations defining a 
submanifold Ml of M. where the equation (|32p has solution. Observe that this submanifold 
is just the graph of the Legendre map FL defined by the Lagrangian L. 

2. Let us observe that, as a consequence of (j34"|) . the fe-vector field Z = (Zi, . . . , Z k ), Za € X(M), 
satisfies equation ([32]) only on Ml . 

3. Equations ([35]) . called the SOPDE condition, will be used in the following subsection (see 
Theorem I4.ip . to show that the integral sections of Z = (Z\, . . . , Zk) can be obtained from 
first prolongations </>W of maps (j> : M fc — > Q. 

4. Equations ([36]) . which, taking into account (|33|). (|34|) and ([35]) . will give the classical Euler- 
Lagrange equations for the integral sections of Z (see Theorem 14. 1 j) . 



5. From (|33|) . (|34|) . (|35|) and (|36j) we deduce that the solutions of equations (|32|) do not depend 
on the fe- vector field (£i, . . . , chosen. 

If Z = (Zi, . . . , Zk) is a solution to (|32p . then each Za is tangent to the submanifold Ml if, 

and only if, the functions Za [ pf ° pr\ ) vanish at the points of Ml- Then from (|37|) we 

V dv B J 
deduce that this is equivalent to the following equations 

\B _ 

dt A dv B * dq i dv° B v /lJ dv l c dv B 

which are conditions for the coefficients {Za) % q- 

Taking into account that the k- vector fields Z must be tangent to the submanifold Ml, the 
above problem can be stated in Ml, instead of in A4. First observe that the family composed of 
the k vector fields (£i, . . . , on M. are tangent to Ml if and only if 

dt A dv B ° dv 3 c dv B 

dL 

since the constraint function defining Ml is p A opr\. Thus taking into account 3, we have 

Statement 4.2 We denote by j: Ml — > -M i/ie natural imbedding. The problem is to find the 
integral sections ip: M fc — ► Ml C M. of integrable k-vector fields Til = {{Zl)i, ■ ■ ■ > (^L)k) on Ml 
solution to the following equations 



(j*# a )((Z l )b) = 6 a , Y,Hz L u(j*n A )=d(j*H)-j 



A=l 



.A=l 



l?*tf A ), (39) 



0/ course, j*{Zl)a = Za\m l , where Z = (Zi, . . . , Zfc) is the k-vector field on M. solution to (EJ|). 
It is interesting to remark that: 

1. In general, equations (f32|) (or, what is equivalent, equations (i39j) ) do not have a unique 
solution. Solutions to (|32p are given by (Zi, . . . , Z k ) + (ker ^ n ker , where (Z u ...,Z k ) 
is a particular solution, and f2" is the morphism defined by 

: T^X — ► T *M 

k 

(Y 1: ...,Y k ) - n*(Yi,...,y fc ) = £ ^o A + ^ A (y A )^ A , 

A=l 
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and, denoting by A4k(C°°(Ai)) the space of matrices of order k whose entries are functions 
on M, the vector bundle morphism •&* is defined by 

# : T\M — ► M k (C°°(M)) 

(Yt,..., Y k ) -> #(y 1; . . . ,Y k ) = (V A (Y B )) . 

2. If L is regular, then taking into account (|33p . (|35p and (|36p we can define a local A;- vector 
field (Z%, . . . , Zfc) on a neighborhood of each point in Ml which is a solution to (|32|) . Each 
Za is locally given by 

(Z A ) B = 5 B A , (Z A )* = «i , (Z A )f = i|^^, 

with (ZaYb satisfying (|38p . Now, by using a partition of the unity, one can construct a global 
k- vector field which is a solution to (|32p . 

When the Lagrangian function L is singular, we cannot ensure the existence of solutions to the 
equations (|32p or (|39p . Thus we must develop a constraint algorithm for obtaining a constraint 
submanifold (if it exists) where these solutions exist. Next, we outline this procedure (see also [22J, 
where a similar algorithm is sketched in the multisymplectic formulation). 

Assuming that the Lagrangian is almost-regular, we start with Pq = Ml- Then, let Pi be the 
subset of Po composed of those points where a solution to ([39]) exists, that is, 

P± = {z e P \ 3((Z L )i, (Z L ) k ) G {Tl) z P solution to §5}} ■ 

If Pi is a submanifold of Po, there exists a section of the canonical projection rp : T^Po — > Po 
defined on Pi which is a solution to (|39p . but which does not define a A;- vector field on Pi, in 
general. In order to find solutions taking values into TlPi, we define a new subset P2 of Pi as 

P 2 = {z G Pi I 3((Z L )i, . . . , (Z L )k) £ (Pfc).Pi solution to ®} . 

If P2 is a submanifold of Pi, then there exists a section of the canonical projection rp 1 :T^P\^ P\ 
defined on P2 which is a solution to (|39p . but which does not define, in general, a /c-vector field on 
P2. Proceeding further, we get a family of constraint manifolds 

. . . — P 2 Pi P = M L X . 

If there is a natural number / such that P/+i = P/ and dimPf > k, then we call Pf the fma] 
constraint submanifold on which we can find solutions to equation (139p . The solutions are not 
unique (even in the regular case) and, in general, they are not integrable. In order to find integrable 
solutions to equation ([39j) . a constraint algorithm based on the same idea must be developed. 

4.2 The field equations for sections 

Consider the following restrictions of the projections pr\ and pr2, 

prl : M L - R k x T\Q , W % : Ml —>M. k x (T^) *Q . 

Remark 4.1 Observe that, as Ml is the graph of PL, it is diffeomorphic to M. k x T^Q, and this 
means that pr® is really a diffeomorphism. 
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Let Z = (2Ti, . . . , Zk) be an integrable k- vector field solution to (|32p . Every integral section 
if): t € R k -> (^(i),^*),^*), € M of Z is of the form ^ = (ip L ,ipH), with = 

pn o *0 : R k — > R k x T^Q, and if if> takes values in Ml then ^ = FL o if) L . In fact, from (j34"|) . 

^(i) = (p»W)(*) = (^ A (t),^(t),^(i)) = (^(t),^(*), = (FLoif; L )(t). 

In this way, every constraint, differential equation, etc. in the unified formalism can be translated 
into the non autonomous Lagrangian or Hamiltonian formalism by restriction to the first or sec- 
ond factors of the product bundle. In particular, conditions (|34|) generate, by pr2-projection, the 
primary constraints of the Hamiltonian formalism for singular Lagrangians (i.e., the image of the 
Legendre transformation, FL(R k x T%Q) C R k x (T£) *Q), and they can be called the primary 
Hamiltonian constraints. 

Hence the main result in this subsection is the following: 



Theorem 4.1 Let Z = (Z\, . . . , Z^) be an integrable k-vector field in Ai solution to (Sty) , and let 

if> : R k — > Ml C M be an integral section of Z = (Z\, . . . , Z^), with if> = (V'Lj V'-ff) = {$Li FL oifj£)- 
Then if)L is the canonical lift c/>M of the projected section (f> = pQopr®°if> : R k Ml 
Q, and 4> is a solution to the Euler- Lagrange field equations |7 



k xTlQ P ^ 




x{T*)*Q 



FL o cf)W 



(Proof) If if)(t) = i() A (t),if) l (t),i) i A (t),i)f(t) 



dip 1 , . d 



dL 



dv % . 



-(ipL(t)) is an integral section of Z, then 



dib B d 



dt A v ; dt B 



m dt A y ' dq i m dt A K ' dpf m dt A y 1 dv\ 



+ 



B 



(*)■ 



d 



B 



From ([33 



35]) and (gOj) we obtain 

dif). 



B 



(Z A )»(if)(t))=6 A 
dv A 



p?m)) 



dt A 



(t) 



opnj (ip{t)) = 
v A (if)(t)) = (z A ym)) = %(t) 

{z A )fm)) ■ 



dL 



dv 



(40) 

(41) 
(42) 

(43) 
(44) 
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Therefore from ([55]) . (02]) and (0J) we obtain 

and from (|4ip we obtain = t A -\-c A . Taking c A = 0, from (|43j) we have 

lk(*) = (*>mf^(*)) , 

and from the last two equations we deduce that tpi = and 4> = Pq ° pr® o ^ : M fc Mj, ~* 
is a solution to the Euler-Lagrange field equations (|16p . where c/>(i) = (ip l (t)). ■ 

Proposition 4.1 According to the hypothesis of Theorem ^- 1\ if L is regular then ipu = FLoipL is 
a solution to the Hamilton field equations Q), where the Hamiltonian H is given by H o = El- 



(Proof) Since L is regular, FL is a local diffeomorphism, and thus we can choose for each point in 
M. k x T^Q an open neighborhood U C M fc x T^Q such that FL|y : U — > FL(U) is a diffeomorphism. 
So we can define H v : FL{U) -^Ras Hjj = (E L )\u ° (FL\u)- x . 

Denoting by H = Ey, El = (El)\u an d FL = FL\jj, we have El = H o FL, which provides 
the identities 

dH i dH T-i j dL 

dpJ oFL = VA ■ w oFL= ~w ■ (45) 

Now considering the open subset V = ^l X {U) C R k , we have ij)\ v : V C R k -» 17 FL(C7) C M L , 
where (^x)|y : V C M fe -»■ 17 C R k x l£Q and (ip H )\v = FLo (^ L )\v ■ V C R k -»■ C 
R fc x *Q. Therefore from ([55]), (05J, (03} and (05]), for every teVcR k we obtain 

'^-(^(t)) = (^joFL\(Mt))=v\(Mt)) = ^(t) 



from which we deduce that (iPh)\v is a solution to the Hamilton field equations (0]). 
Conversely, we can state: 



Proposition 4.2 If L is regular and X = (X±, . . . , X^) zs a solution to (11) then: 



1. The k-vector field Z = {Z\, . . . , Zj.) given by Za = (Id^k^in ® FL)*(Xa) is a solution to 



2. If tpL '■ —> x TuQ is an integral section of X = (X\, . . . , X^) (and thus, from Remark 
fO and from Theorem UFR (f> = p o ipL ■ ^ k ^ ^ k x Q is a solution to the Euler- 

Lagrange field equations) then ip = (ipL,FL o ^) : IR fc — > <Z M. is an integral section of 
Z = (Zi, . . . , Zk). 
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(Proof) Now from the local expression (|14f) of FL we deduce that 

1. If L is regular and X = (X\, . . . , -X"&) is a solution to (|17p . then from Theorem 12.21 we know 
that Xa is a SOPDE, and thus Xa is locally given by 



where (Xa)b satisfy 



+ < TT-jrj- + (XaY b —n— = 7^ ■ ( 47 ) 



Now from the local expression (fT4"j) of FL we deduce that 

Z A = (Id RkxT i Q 9 FLUXa) = ^A+ v AQ-i+ (x A y B g- 
d 2 L , d 2 L ,„ N , <9 2 L \ 9 



(48) 



+ \dt A dv j c + " A dqidv^ + ^ Xa)b dv B dv j c ) dpf 
Then from (|47p and (|48|) we deduce that Z = (Zi, . . . , Zf.) satisfy equations 
and Za ( pf — —r- J = 0, that is, the fc-vector field Z = (Zi, . . . , Z^) is a solution to ([32]) 
and each Za is tangent to Ml . 
2. It is an immediate consequence of the definition of Z and the definition of integral section. ■ 

Remark 4.2 The last result really holds for regular and almost-regular Lagrangians. In the 
almost-regular case, assuming as additional hypothesis that is a SOPDE, the proof is the same, 
but the sections ip, i[il and ipu take values not on Ml, M fc xT^Q and M fc x (T^) *Q, but in the 
final constraint submanifold Pf and on the projection submanifolds pr\(Pf) C R fc x TuQ and 
pr 2 (P f ) C R k x (T£) *Q, respectively. 

4.3 The field equations for /c-vector fields 

Next we establish the relationship between A;-vector fields that are solutions to (|17p and A;-vector 
fields that are solutions to (|32p or, what is equivalent, solutions to (|39p . First, observe that: 

Lemma 4.1 W^e /iaue t/iat 

J *^ = (pr 1 )*^ , j*n A = (pr1)*u;£ . (49) 
(Proof) It is immediate from (|15p .taking into account that FL o pr® = pr 2 o j. m 

Theorem 4.2 a) Let L :M. k x T^Q ->Ifca Lagrangian and let Til = {(Zl)i, ■ ■ ■ , {Zh)k) be a k- 
vector field on Ml solution to $39\) . Then the k -vector field X^ = ((Xl)i, • • • , (Xl)]c) on M fc x T^Q 
defined by 

X L opr? =T fc 1 (pr?)oZ L (50) 
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is a k -vector field solution to (17), where T£ (pr?) : T^(Ml) — > T^(M. k xT^Q) is the natural extension 
of pr®, introduced in |5]). 

Conversely, every k-vector field solution to fli7| ) can be recovered in this way from a k-vector 
field Zl in Ml solution to L39\). 

b) The k-vector field Zl is integrable if, and only if, the k-vector field is an integrable 
SOPDE. 

(Proof) a) Since pr? : Ml — > M. k x TlQ is a diffeomorphism, then the fc-vector field X^ on R fc xT^Q 
defined by ([50]) is given by 

(X l )a = ((pr?)- 1 ) * (Z l )a ■ (51) 

Furthermore, we obtain that 

j *H = j *{C - (pra) * L) = J*C — j* (pn) *L = (pr ,) *(C(L)) - (pr?) *L = (pr°) *E L . (52) 
From (j49j) and (fSTj) we deduce that 

(53) 



j*^((^) B ) = ((pr?) ((pr?)*^)*) = (pr?) * {dt A {(X l )b)) 

and from (pi) . (l3U|) . pi) and l|53j) 

^— + (e^^)(pf4-(p^) 



J*Ka(W)] = J 



(£05, Pi 



9^7 



o pr\ l — pr x 



-(p r l] 



\dt A J 



(54) 



Therefore from ([39]), ([MD, ^5TJ), fl55J and ([Ml), we obtain 



A=l 



E€a(W) 



(55) 



= E v?) «> r ?) *^ - - £(*»■?) * (S) (*»■?) * dtA 

A=l A=l VOT 7 

= (P^) * (£ W X " ^ - E ^ • 

Since pr? is a diffeomorphism, from (|53j) and (|55|) we deduce that the fc- vector field is a solution 
to ([39]) if, and only if, the k- vector field X^ is a solution to (fT7|) . 

b) Suppose now that the fc-vector field is integrable. Let ip : M. k — > R fc x T^Q be an integral 

d 



section of X^, that is, (X l) A{f{t)) = f*(t) 



dt A 



Thus 



(Z i ) A ((pr?)" 1 o V (t)) = ((pr?)- 1 ) *(X L )A((pr° 1 )- 1 o v (t)) = ((pr?)" 1 )^))^)^))) 



((pr?)-^^)), 



which means ifj = (p r ?) 1 o ip :M. k —> Ml is an integral section of Z^. 



25 



Since ip : R k — > Ml, then we know that the integral section j o ip : R k — > M is given by 
((J ° iP)l,FL o (j o and from Theorem 14.11 we know that (j o = (/>M , where (p = pq o ip : 

R k i M L ^R k xTlQ P -% Q. Then we have 

= (i ° VOl = P r i o j o Tp = pr® oip = tp . 

Since every integral section tp of is a first prolongation <p^ of a map <^> : R k — > Q space, we 
deduce from Lema I2T21 that is a SOPDE. 

If m is an arbitrary point of M fc x T^Q, we consider the integral section ip of passing through 
(prg)~ 1 (m), then pr^ o ip is an integral section of X^ passing through m. Thus, X^ is integrable. 

Conversely, let X^ be an integrable SOPDE. If m is an arbitrary point of Ml, we consider the 
integral section tp of X^ passing through (jjrfyim) then (pr®)^ 1 o tp is an integral section of Z^ 
passing through m. Thus, Z^ is integrable. ■ 

If L is regular, in a neighborhood of each point of R k x T^Q there exists a local solution 
X-l = ((Xl)i, ■ ■ • , {XL)k) to (fT7|) . As L is regular, FL is a local diffeomorphism, so this open 
neighborhood can be chosen in such a way that FL is a diffeomorphism onto its image. Thus 
m a neig hborhood of each point of FL(R k x T^Q) we can define (Xjj)a = [(FL) x ] *(Xl)a, or 
equivalently, in terms of fe-vector fields T^(FL) o Xx = X//. 

Proposition 4.3 1. The local k-vector field X// = ((Xfj)i, ■ ■ ■ , (Xjj)k) is a solution to 

where the Hamiltonian H is locally given by H oFL = El- (In other words, the local k-vector 
fields X^ and X// solution to 1 and {^p, respectively, are FL-related). 

2. Every local integrable k-vector field solution to can be recovered in this way from a local 
integrable k-vector field Z in A4 solution to \32\) . 

(Proof) 

1. This is the local version of Theorem 12.31 

2. Furthermore, if X# is a local integrable A;- vector field solution to ([2]), then we can obtain the 
FL-related local integrable A;- vector field X l solution to (117j) . By Theorem 14.21 we recover 
Xi by a local integrable fc- vector field Zj, solution to (|39|) . ■ 

It is interesting to point out that the Skinner-Rusk formalism developed in [3] and [7] for the 
time-dependent mechanics is just a particular case of the Skinner-Rusk formalism which we present 
here for the fc-cosymplectic formulation of first-order field theories. 



5 Lie algebroids and associated spaces 

In this section we present some basic facts on Lie algebroids that are necessary for further devel- 
opments. We refer to the reader to [U [T71 [301 EI] f° r details about Lie groupoids, Lie algebroids 
and their role in differential geometry. 
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5.1 Lie algebroids 



Let E be a vector bundle of rank m over a manifold Q of dimension n, and let r : E — > Q be the 
vector bundle projection. Denote by Sec(E) the C°°((5)-module of sections of r : E — > Q. A Lie 
algebroid structure ([•, -j^p) on LJ is a Lie bracket [•, : Sec(E) x Sec(E) — > Sec(E) on the space 
Sec(E), together with a bundle map p : -E — > TQ, called the anchor map, such that if we denote by 
/? : Sec(E) — > the homomorphism of the C°°(Q)-module induced by the anchor map, then 

they satisfy the compatibility condition 

WlJ^E = fWl, ^2] + (P(0-1)/)O2 • 

Here / is a smooth function on Q; 0"i,0"2 are sections of E, and we denote by p(&i) the vector 
field on Q given by /?(o"i)(q) = /?(<7i(q)). The triple (.E, [•, -]e, p) is called a Lie algebroid over 
Q. From the compatibility condition and the Jacobi identity, it follows that the anchor map 
p : Sec(E) — > 3C(Q) is a homomorphism between the Lie algebras (Sec(E), [•, ■]#) and (3C(Q), [•, •]). 

In this paper, we consider a Lie algebroid as a substitute of the tangent bundle of Q. In this 
way, one regards an element a of E as a generalized velocity, and the actual velocity v is obtained 
when applying the anchor map to a, i.e. v = p(a). 

Let (9*)™=! be local coordinates on Q and (e a )™ =1 be a local basis of sections of r. Given aeE 
such that r(a) = q, we can write a = y a (a)e a (q) € E q , thus the coordinates of a are (q l (a) , y a (a)) . 

Therefore, each section a is locally given by a 



In local form, the Lie algebroid structure is determined by the local functions p l a , C^p on Q. 
Both are determined by the relations 



d 

p(e Q ) = Pa-Q-ii [e a ,ep] E = Clpe 1 . (56) 



The functions p l a and Clg are sa id to be the structure functions of the Lie algebroid in the above co- 
ordinate system. They satisfy the following relations (as a consequence of the compability condition 
and Jacobi's identity) 



cyclic(a,/3,7) 

which are usually called the structure equations of the Lie algebroid. 



Exterior differential 

The structure of the Lie algebroid on E allows us to define the exterior differential of E, 
d E : Sec(f\ l E*) -► Sec(f\ l+1 E*), as follows 

1+1 

d E p(a 1 ,...,ai +1 ) = ^2(-iy +1 p(a i )p(a 1 ,...,a i ,...,ai +1 ) 

i=l 

+ ^2(-iy +J p([(Ji, (Tj] E , ai,...,ai,...,aj,... oi +1 ) , 

i<j 

for p € Sec(/\ l E*) and a : 1, . . . , cr; + i 6 Sec(E). It follows that (f is a cohomology operator, that 
is, d 2 = 0. 

In particular, if / : Q — > E is a real smooth function then d/(d) = p(a)f, for cr € Sec(E). 
Locally, the exterior differential is determined by 

dq i = p^e and de 1 = AfL^ A ^ > 
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where {e a } is the dual basis of {e a }. 

The usual Cartan calculus extends to the case of Lie algebroids: for every section a of E we 
have a derivation i a (contraction) of degree —1 and a derivation C a = i a o d + d o i a (Lie derivative) 
of degree 0, (for more details, see [3UJ, l3Tj). 

Morphisms 

Let (E, [■, -]e,p) and (£', [•, -]' E ,p') be two Lie algebroids over Q and Q' respectively. Suppose 
that = (<£,<]?) is a vector bundle map, that is <3? : £7 — > £" is a fiberwise linear map over 
$ : Q — > Q ; '. The pair (<£,<]?) is said to be a Lie algebroid morphism if 

j 

d £ ($V) = $*(d £ V), for all a' G 5ec(/\(^)*)and for all 1. (58) 

Here $>*o' is the section of the vector bundle /\ k E* —> Q defined for / > by 

($V),(ai, ...,ai)= 4 (q) (¥(ai), . . . ,¥(aj)) , 

for q £ Q and ai, . . . ,ai £ E q . In the particular case when Q = Q' and $ = icf^ then (|58p holds if, 
and only if, 

[$ o (7i, $ o ct 2 ]b' = ^[ci,o-2]e, p'($ o a) = p{a), for cr, a\, 02 £ Sec(E) . 

Let (g 4 ) be a local coordinate system on Q and (q 1 ') a local coordinate system on Q'. Let {e a } 
and {e' a } be local bases of section of E and £", respectively, and {e a } and {e a } the dual bases. 
The vector bundle map is determined by the relations = </>*(q) and <£*e a = </>^e^ for certain 
local functions <p l and 0^ on Q. Then $ = (<E>, 3?) is a morphism of Lie algebroids if, and only if, 

■ *?C=(A|f-rt|f)+«€. (59) 

In these expressions p^CjL are the structure functions on E and p^,C'a^ are the structure func- 
tions on E' . 

The prolongation of a Lie algebroid over a fibration 

(See [61 [TTJ, [23j [33]). Let [•, -]e,p) be a Lie algebroid over a manifold Q and tt : P — > Q a 
fibration. Consider the subset of E x TP 

T p E P = {(b, v) £ E q X T P P I p(6) = T p it(v)} 

where Ttt : TP —> TQ is the tangent map to 7r , p G P g , and 7r(p) = q. T E P = U pe pT E P is 
a vector bundle over P and the vector bundle projection is t e : T E P — > P. We can consider a 
structure of Lie algebroid on T E P given by the anchor p 71 : T E P — > TP, p n (b, v p ) = v p . 

This Lie algebroid will be used in Section ["6.2.3l when we introduce the solutions of the Hamilton 
field equations on Lie algebroids. 

5.2 The manifold © E 

The standard /c-cosymplectic Lagrangian formalism is developed in the bundle M. k x T^Q. When 
we consider a Lie algebroid E as a substitute of the tangent bundle, it is natural, in this situation, 
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to consider that the analog of the bundle of /^-velocities T\Q is the Whitney sum of k copies of 
the algebroid E, and thus the analog of the manifold R k x T^Q is M fc x © E. 



k 



We denote by © E = E® ■ k ■ (BE, the Whitney sum of k copies of the vector bundle E, with 

~ k ~ 
projection map r :ffi E — > Q, given by r(ai q , . . . , a^q) = q. The Lie structure of E allows us to 

introduce the following maps: 




Q 

where /o(ai q , . . . , afc q ) = (p(ai cl ), . . . , /o(a*; q )), and p : E — > TQ is the anchor map of E. 

_ k 

Local basis of sections of r :ffi E — > Q 

„ fc 

A local basis {e a }™ =1 of Sec(E) induces a iocai basis of sections of the bundle r :ffi E — > Q. In 

k 

fact, let a q = (ai q , . . . , a^cj) be an arbitrary point of ffi E, then for each A (A = 1, . . . , k), cla^ € E 
and since {e a } is a local basis of sections of E we have Oyi q = y Q (aA q )eo,(q). Therefore 



(y a (ai q )e a (q), . . . , y a (a fcq )e«(q)) 



2/ a (ai q )(e a (q),0, . . . , 0) + . . . + y Q (a fcq )(a q )(0, . . . , 0, e a (q)) = y a (a a ) e*(q) 



where e„ (q) = (0, . . . , e a (q), . . . , 0) . Thus a local basis {e a } of Sec(E) induces a local basis {e^} 

fc - A 

of Sec(© £?) defined by e„(q) := (0, . . . , e a (q), . . . , 0), where ' indicates the A th position of 

^(q). 

If (q l ,y a ) are local coordinates on t _1 (J7) C E, then the induced local coordinates {q % ,y c ^) on 
~-i fe 

T" (^0 C© .E are given by 

q l (a lcil . . . , a feq ) = q\c\) , y%(a lci , a fcq ) = y a (a A J ■ 



5.3 The ^-prolongation of a Lie algebroid over a fibration 



Let 7r : P —* Q be a bundle. Now we define a vector bundle which generalizes the concept of 

l k 



prolongation of a Lie algebroid over a fibration -ir : P — > Q. We denote this bundle by TuP and it 



is called the k-prolongation of P with respect to a Lie algebroid E. 

Throughout this paper we consider two particular cases of fe-prolongations. The first cor- 
responds to the case P =ffi E, and the bundle T^{® E) will allow us to develop the La- 
grangian formalism on Lie algebroids, (see section IBTll) . This bundle plays the role of the bundle 
T^(R k x Tj^Q) — ► R k x T^Q in the Lagrangian k-cosymplectic formalism. The second particular 

k 

case is P =© E*, where we will develop the Hamiltonian formalism (see section I6\2|) . 
The total space of the /c-prolongation of P with respect to E 

T k E P = (R k x ffi E) x R * xT i g T^(R k x P) 
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is the total space of the pull-back of the map F = r k k x T^ir : T^{R k x P) -> R k x T^Q, (locally 

k 

defined by ©), by the map Jd R fc x p = Id Rk x p© . k . ©p : R k x © P -> M fc x T^Q , 

T fc E P = {(s,a q ),W (t , p) ) G (M fc x P) x T^(]R fc x P) : Jd Mfc x p(s,a q ) = P(W (t , p) )} , 

where W (t)P) = ((^)( t , p ), • • • , (^)(t, p) ) G x P). 

Let us observe that (s, a q , (^i)(t )P ), • • • , (fjfc)(t,p)) G 'T^'P 5 means that s = t and q = vr(p). 
Therefore, an element (s, a q , (ui)(t, p ) 5 (ffc)(t,p)) °f ^P-P can be identified with a family (a^p), 
M(t, P ),---,(«fc)(t, P ))- 

Remark 5.1 Throughout the paper we shall denote the elements of T®P as (a q , W(t,p)) where 
a q Gffi P, W( tjP ) G x P) and tt( P ) = q. 

The k-prolongacion of a Lie algebroid E over a Bbration ir : P —> Q is the space T^P fibrered 
over I'xP with the projection 

T MkxP :T k E P - R k xP 

(Oq» W(t,p)) ^ %xpK' W/ (t,p)) = T Mfc xP (W(t,p)) = (t,p) 

where ri „ : P^(M fe x P) -> R fc x P is the projection of the bundle of fc 1 -velocities of P. 

fc 

If q G Q, a q G0 E, W( t , p ) = («i(t,p),- • •.«fe(t,p)) G x P ) and K>W(t,p)) G P/P, we 

have the following natural projections 

n(aq,W(t, p )) = (t,d q ) , T 2 (aq,W( t)P )) = W(t,p) 

T fc (dq,W (tjp) ) = O q , 5^(Oq,W( tiP )) = V A (t,p) 

*xp( fl q.%p)) = (t,p) , T ik xP (W(t,p)) = V A (t,p) , 

and we have the following diagram 



T 2 




Local coordinates on T, fP 

k 

Let (o q , W(t tP )) be an arbitrary point of T^P, then a q = (ai q , . . . , Ofc q ) G© P and W(t,p) = 
(Oi)(t, P ), ■ • • . (vfc)(t, P )) G T^K* x P) , satisfy 

Id Rk x p(t,a q ) = r k k x T^TT^i^p), • • • ,Vft(t,p)) « (6°) 
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Given local coordinates (q l ,u . ), 1 < i < dimQ, 1 < $ < s on P, and a local basis {e a }™ =1 of 
sections of E, we have that 



«q = ^K)e Q (q) , (<M)(t, P ) = M + + («a) ^ 



As 



P(a^ q ) = p(y2(aq)ea(q)) = yl(a q )p(e«(q)) = y2(a q )^(q) 



(t,P) 



(61) 



d_ 

dq l 



and from ([6]) we have that the condition ([60j) is equivalent to 

= 2/AKK(q) • 



(62) 



Taking into account (|62p we introduce the local coordinates (i" 4 , </*, , z^, v^, (v a)®) on TjpP 
given by 

i A K,^(t,p)) - t A (t) <f(a q , W( t ,p)) = <f (q) , «*(Oq, ^(t,p)) = «*(P) , 



*2(oq,W( t) p)) = y3(aq) <(a q ,VK (tiP) ) = v A(tp) (t B ) , (uA)*(a q , Vfy.p)) = «A(t )P )(u*) 



(63) 



Local basis of sections of the bundle %fc x p : T^P -tl'xP 

Given local coordinates (t , q\u®) on lR fc x P and a local basis {e a } of sections of E, we can 
define a local basis y£, V$} of sections of r K fc x p : T^P -> l' x P. In fact, from (f6"Tj) and 

(|62l) we deduce that for a point (a q , W(t,p)) one has 



*q.W (t> p)) = yl(a q )(e^(q),(0,...,^(x)^- 



(t,p) 



(64) 



Thus the set {x£, y£, V^jwith l<^4,B<A;;l<Q;<m;l<i?<s, defined by 



* a A (t,p) 



(e*(q),(0,...,&(q)^j 



(t,P) 



,0)) 



(o„ (o, 



d 

dt B 



(t,p) 



•••,0)) 



(65) 



Vf(t,p) = (0„(0,... 



is a local basis of sections of the vector bundle 







(t,P) 



...,o)) 



<P : T k E P 



P. 



Remark 5.2 Throughout this paper, a section of Tj?P means a section of T R fc x p : T^P — > M. k x P. 
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A>vector field on R fc xP associated to a section of T k E P 

Every section a of T E P has associated a fc-vector field on M. k x P given by 

r 2 (a) = (r 2 1 (a),...,r 2 fe (a)) . 

Let a : M. k x P —> T E P be an arbitrary section of r R fc x p, such that <r(t,p) = (t, p, cr^(t, p), 
cr^(t, p), cr*(t,p)) , then from and ([65]) we have that the expression of cr in terms of the basis 

a = a A X a + a A y B + a A V^ , 
and the associated fe-vector field T2(cx) = (^(cr), . . . , rf (cr)) is locally given by 

t£{°) = °Z-£b + P>1^ + <^ € X(R k x P) • (66) 

These k- vector fields play an important role in the development of the Lagrangian and Hamil- 
tonian formalism on Lie algebroids.(See section f6.1,2l and 16.2. 2|) 



Lie bracket of section of T k P 

A Lie bracket associated to the Lie bracket on Sec(E) can be easily defined in terms of pro- 
jectable sections as follows: a section Z of T k P is said to be projectable if there exists a section a 
of (B k E such that the following diagram is commutative 

R k xP T k E P . 

T k 

Q 5~^e e 

Equivalently, a section Z is projectable if, and only if, it is of the form Z(t, p) = ( cr (7r(p) ), X(t, p)), 

k 

for some section a = (a\ 1 . . . , <Jk) of © E and some k- vector field X = (X±, . . . , Xk) on R x P. 
The Lie bracket of two projectable sections Z and Z' is then given by 

[Z,Zr(p) = (K,^] S (q),...,[^,4] S (q),[X 1 ,X[](t,p),...,[X fe ,X^](t,p)), 

where (t,p) £ R fc x P, 5 = ^(p) • It is easy to see that [Z, Z'] 7r (t, p) is an element of T E P. Since 
any section of T E P can be locally written as a linear combination of the projectable sections 
{X A , y^i the definition of a Lie bracket for arbitrary sections of T E P follows. 
The Lie brackets of the elements of the local basis {X A , y^, V^} are 

(67) 

\y£, y c D Y = [y£, v£] w = o [v A v*r = o 

The derivation d A 

Now, for each A, we define a derivation of degree 1 on the set Sec{/\{T k E P)*), that is, d A : 
Sec(/\ l (T k E Py) - Sec(/\ l+1 (T k E Py) given by 

I 

d A ^(z l ,...,z l+1 ) = Y,{- l ) i+1 PA{zMz u ...,Zi,...,z l+1 ) 

i=1 (68) 
+ ^(-l) i+ ^([^, Zj}\ Z lt . . . , Z it . . . , Z jf . . . , Z l+1 ) , 

i<j 
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for fi G Sec(/\ l {T k E P)*) and Z 1 ,...,Z k G Sec(T k E P). In particular, if / : R k x P -» M is a real 
smooth function, then d A / : M fe xP -> (T fe s P)* is defined by d A f(Z) = f£{Z)f, for Z G Sec{T E P). 

From (|65p and (|66p we deduce that c^/ is locally given by 

d A f=§jy c A+pi§xz+^v» A , (69) 

where {X%, y A , V^} is the local basis of sections of {T k E P)* dual to the local basis{Af^, y A , V$} 
of sections of T k E P. 

The derivation d A allows us to introduce the Poincare-Cartan 2-sections of the Lagrangian 
formalism on Lie algebroids (see section I6.1.2p . and the Liouville 2-section of the Hamiltonian 
formalism (see section [6.2.2p , 



6 A;-cosymplectic classical field theory on Lie algebroids 
6.1 Lagrangian formalism 

In this subsection we give a description of Lagrangian /c-cosymplectic first-order classical field theory 
on Lie algebroids. The Lagrangian field theory on Lie algebroids is developed in the ^-prolongation 

T E ((& E) of a Lie algebroid E over the vector bundle projection r :ffi E — > Q. This vector bundle 

k 

T E {® E) plays the role of r k kxT]Q : T k 1 (R k x T^Q) -> R k x T^Q, the tangent bundle of ^-velocities 
of R k x T k Q, in the standard Lagrangian /c-cosymplectic formalism. 



6.1.1 Geometric elements 

k 

The vector bundle T k E {® E) 

Consider the /^-prolongation T E {® E) of a Lie algebroid E over the fibration r :ffi E — > Q 

~ k 

(observe that, in this case, the fiber it : P ^ Q is t :@ E — > Q). Taking into account the general 

k 

description of the /^-prolongation (see the previous section), if (q, y A ) are local coordinates on © E, 
then we have the local coordinates (t A ,q\y A , z A ,v E , (va)b) on T E {@ E) given by (see ([63]) ) 
t A (a q , W [tM ) = t A (t) , «f (a q , W (tM ) = ^(q) , V%(^W (tM ) = y a A { P ) , 

(70) 

22(a q , W (t ,6,)) = yl(a q ) , (a q , w {t,bS> = v A (t:b<i) (t B ) , (vAr B ( a ^ w (t^)) = v A (t^){y B ) > 
and the local basis {X A y A . (V A ) B } of sections of r k : T E (® E) -> M fc x © £, defined in 

p R fe x©£ K 

(|65p . is written here as 

A 

X A (t,b n ) = (e^(q),(0,...,pi(q)A o)) 



dq l 

A 



(t,6q) 



3^(t,6 q ) = ( „(0,...,^ _ ())) 



(71) 



(t,6q) 

.4 



(V A )^(t,6 q ) = «)„.!" ~7~~T , , '»> 



dy 



(t,6q) 
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Prom ([66j) . we know that the A;- vector fields associated to the basis y^, (V A )g } are 



Af-\jB\ _ X C 
B' 



r 2 ((V )a) = SAQj* 



>- dq i > -av^oy 

The Lie brackets (|67p of the elements of the local basis of sections are now 

[yl y° D Y = o [3#, {v c ) D p Y = o [(v A )f , (v c )£f = o 



(72) 



(73) 



In T k [® E) there are two families of canonical objects: the Liouville sections and the vertical 
endomorphism whose definitions and properties mimic those of the corresponding canonical objects 
in R k x TlQ (see [2511581 1251155]). First, we need to introduce: 



Vertical 4-lifts 



An element (a q , Wu,^ \) of T k E {® E) is said to be vertical if 



r h (a q ,% q) ) = O g E(0„.*,0 9 ) G®fi 



where r fc : TJFi® E) ^© E 1 is the projection on the first factor. This condition means that 



1) a A q = o,. 



2) If Z(t,6 q ) = (0 q ,W {tM ), with W (ti6q) = («i (ti>q) , . . . , v k(t M 

k 



e r,J(R fc x e £), since z e 



T k h {® E) from flS2J) we have {v A ) 1 = y<X{%)p l a = 
Therefore each VA (t bq) is locally given by 



d 
dt B 



d 



(t,6 q ) + {VATB dy% 



(t,6q) 



(t,ftq)> 



: x E) 



and it is vertical with respect to the canonical projection M k x © E — > Q. 

For each A = l,...,k, we call the following map the vertical A th -lifting map 



£ Va : R k x © Ex Q © E 



(t,o q ,6 q ) 



T k E {® E) 



A 

i VA (t, a,, 6 q ) = (0„ (0, . . . , (a q )^ q) , . . . , 0)) 



(74) 



where for an arbitrary function / defined on R fc x © E, (a q )^ A is given by 



K)(i q ) /= ds S=0 ^' 6 V--- A q + Saa q ,..-AJ • 



(75) 



From ([75]) we deduce that the local expression of (a q )^\ ) is 



z ) Va 



_d_ 

dy a . 



(t,6q) 



ET (! ,y(K fc x ©£) ■ 



(76) 
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Prom ([71]) . ([75]) and (73]) we obtain 

A 

£ Vj4 (t, a,, 6 q ) = (0 gj (0, . . . , y a A {a q )^- 0)) = yl( a(l )(V A )i(t, 6 q ) . (77) 

The vertical ^4 -lifting map allows us to define vertical lifts of section of t :© E — > Q to 
sections of r fc : 71 (© E 1 ) — > R x © E 1 . If a is a section of © E —> Q, then the section 

<j Va : R k x © E -> 21 s (0 75) of r fc is defined by cr^(t,6 q ) = £ VA (i, a(q), 6 a ), and it will be 
called the vertical A th -lih of a. In particular, from (j77H we obtain 

(ef)^(t,6 q ) = 5f(V A )^(t,6 q ) l<a< dimE . (78) 

The Liouville sections 

k k 

The Liouville A^-section A a is the section of f k : 71 £ (© E) ^ M fe x © E given by 
A A :M fc x©£ -> T E (®E) 

(t,6 q ) h- A A (t,6 q ) =e yA (t,6q,&q) 

From (|77h we obtain that A A is locally given by 

Aa = J>a(V A ) A . (79) 

a 

The set {^(A^) = (r^ (A A ), . . . jT* (Aa))}, where each ^(A^) is the /j-vector field associated to 
each A A given by ([66]) . enables us to introduce the Lagrangian energy function El 



Remark 6.1 In the standard case, every section Aa translates into the /c-vector field on R fc x T k Q 

A 

given by (0, ... , v\-—r-, . . . , 0), and since A is fixed, Aa is identified with the canonical vector field, 
dv A 

A A = v A JL. (See [23 EB1 123 E2| ) ■ 

ov A 

The vertical endomorphism 

Definition 6.1 The A^-vertical endomorphisms ofT E ((B E), for 1 < A < k, are defined as 

S A : T E {@E) T E {®E) 

K,^W q )) » S A (a n ,W (tM )=e A (t,a q ,b (l ) 

~ k 

Next, we express S A using the basis of local sections {X A , y^, (V A ) B } of T E ((B E) and its 



dual basis {Af|, 3^, (Va)b} of (T^ffi £)) *. In fact, from (J7T]) and ^TSJ) we obtain 

5 A = E( VA )« ® ^ • (80) 



Remark 6.2 In the standard case, the endomorphism S" 4 coincides with the A th element of the 
family of the canonical fc-tangent structure (S 1 , . . . , S A ). 
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Second order partial differential equations 

In the standard &-cosymplectic Lagrangian formalism, the solutions to the Euler-Lagrange 
equations are obtained as integral sections of second order partial differential equations (sopde). 
Taking into account the Definition 12.51 and the remarks 16.11 and 16.21 we introduce the following 

Definition 6.2 A section £ : R k x © E — > T k E {® E) ofT k E {® E) is called a second order partial 
differential equation (sopde) if 

S A (0 = A A and y*(0 = Si . 
It is easy to deduce that the local expression of a sopde £ is 

i = yi + y <Xx* + {U)%{v A ) B a , 

k 

where {£a)% are functions on M x © E. 

From ([55]) . we note that the /c- vector field T2(£) = (rj (£),... , tJ (£)) on R fc x © £ associated to 
£ is locally given by 

^(O^ + pM^ + K,)^. (81) 



Definition 6.3 ^4 map rj : M. k — > M fc x (B E is an integral section of the sopde £, j/77 is an integral 
section of the associated k-vector field T2(£) , i/iai is, 

^(OfaW)=*(*)(^rQ . (82 ) 

Locally, if rj(t) = {r}\t),rf(t),r)%(t)), from ([HI} we deduce that (182p is equivalent to 



9ry 



6b ' w> 



»3!3(0/4 , ^ t = (Uf B (v(t)). (83) 



6.1.2 Lagrangian formalism 



In this section, we develop a geometric framework, enabling us to write the Euler-Lagrange equa- 
tions associated with the Lagrangian function L in an intrinsic way. 

, k 

Let L : K K x ©£->Rbea function which we call a Lagrangian function. 

Poincare-Cartan sections and the Lagrangian energy function 

We introduce the Poincare-Cartan 1-sections associated with L: 

e£:M fe xffi£ — ► (T E (®E))* 

M q ) .— ef(t,6 q ), 

where 0^(t, 6 q ) is defined by 

8f(t,6 q ): {T k E {®E)\ tK) — > R 

%M — (©£)(t,6 q )(%,6 q) ) = (^) ( t W ((^)(tw( z w)) 
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From (|68p we obtain that 

(®L)(t,fc q )(^(t,6 q )) = (rf A ^)(t,; )q )(('S' A )(t,b q )(^(t,6 q ))) = T2{{S A ){t,b< i ){Z(t,b< 1 )))L 

where (t,6 q ) G M fc x © £, and Z (tj6q) G (7f (© S)) (tj6q) . 

From ([72]) and ([80]) we obtain the local expression of 0^, 



dL 

9y% 



(84) 



The Poincare-Cartan 2-sections : R k x © E -> (7^(ffi #)) * A (Zf (0 £)) * associated with 



L are given by 



From ([57D, UBSJ), dZ2J, CH]) and (|SID we obtain 



8 2 L 
dt B dy% 



-B 1 



2 \ Pfi d<fdy% ra dqidy 



d 2 L 



P a - 



d 2 L 



Fit \ F) 2 t 

'fc U]A^ + — ^A(V.t (85) 



The energy function El : R k x © E — > R defined by L is 

A' 



A=l 

and from ([72]) and ([79]) one deduces that is locally given by 



(86) 



Morphisms 

Before addressing the Euler-Lagrange equations on Lie algebroids, we show a new point of view 
for the solutions to the standard Euler-Lagrange equations, which allows us to consider a solution 
as a morphism of Lie algebroids. 

In the standard Lagrangian A:-cosymplectic description of first order classical field theories, a 
solution to the Euler-Lagrange equation is a field <fi : R k — > Q such that its first prolongation 
<p^ : R k -> R k x TlQ (see Definition satisfies the Euler-La grange field equations, that is, 



A=l 



d 



dL 



t \dv\ 



^M(t) 



5? 



0IH (t) 



The map <fi induces the following morphism of Lie algebroids 



TR k TQ 



Q 



37 



3 d 

If we consider the canonical basis of section of r R k , ^ 7— j- , . . . , ^ , then the first prolongation 



of <j>, can be written as follows: 











(t) = (t,T t H Wt ),...,T t H Wkt )) 



Returning to the case of algebroids, the analog of the field solution to the Euler-Lagrange 
equations to be considered here is a morphism of Lie algebroid <I> = (<&,<!>) 



TR k ■ 



E 



Q 



Taking a local basis {eyi}^ =1 of local sections of TR fc , one can define a section $ 
E associated to <3? and given by 



$ : 



t 



R k x © E = EQ_ k . @E 
(t,$(ei(t)),...,*(e fc (t))) . 



Let (t A ) and (q l ) be a local coordinate system on M k and Q, respectively. Let {e^} be a local 
basis of sections of r K fc and {e a } be a local basis of sections of E; we denote by {e A } and {e a } the 
dual basis. Then $ is determined by the relations &(t) = (4> z (t)) and $*e Q = (jf^e for certain local 
functions (ft % and ^ on R fc . Thus, the associated map <E> is locally given by <!>(£) = (i , (j) l (t), 

In this case, the condition of Lie morphism (|59|) is written 



9^ 3^; 



(87) 



Remark 6.3 In the standard case where E = TQ, the above morphism conditions reduce to 



dt A and dt B dt A 



Then, by considering morphisms we are just considering the first prolongation of fields (ft : 



Q. 



The Euler-Lagrange equations 

For an arbitrary section £ : 
the equations 



x © E -> T k E (® E)oir k : T, E (!) £) 



C=l 



Writing £ = + t%X% + (£b)£(V")<; , from 

d 2 L _ 1 <9 2 L 



we have that 



SB — 



B ' 



d 2 L 
dt c dy c J 



dt c dy a A 
d 2 L , d 2 L 



d 2 L 



1 d 2 L 



k dyldy 



: x © E, consider 
(88) 

is equivalent to 



dq'dy'X 



C 7 i^W 



1 / <9L <9 2 L 



(^)b = ~ ( — - - g Wi J Pa 



dy^dyl 
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From (1891) we obtain 



d2 L ,fi V g2 E 

«B ' flTTr a„.a 



dt c dy^ 



A 9 2 L * / , 3 2 L 

2^ ^M^,a + 2^ 



<9 2 L 



d 2 £ /J 



Pa 



dcfdy% ra dfdy 



fi 



dL 



k ^2 



.4= 



d 2 L 
1 9y^y° 



(Ca) 



(90) 



Vb ) Pa 



d 2 L 



dy\dy , B) 



-p J is regular. 



Definition 6.4 L is said to 6e a regular Lagrangian z/ i/te matrix 
When L is regular, from the three identity of (|90p we obtain 

a =i/2- (si) 

In this case, the solution £ to the equations (|88[) is a SOPDE and the functions (£a)r are the solutions 
to the equation 



E 



( d 2 L 



d 2 L 



./3 _l ^7 5L 



' I dfAdy'X 1 dqtdy'X 



o 2 l 



dy%dy a A 



^f B )=^P a . 02) 



Let $ = (<£,<£) be a morphism on Lie algebroids between r K fc : TM. k — » M fc and t : E —> Q, and 

$ : R fc — > R fc x © E 1 the associated map. If $ : R k — > R k x © E is an integral section of the SOPDE 
i locally given by *(t) = (0 s (t), From (g3}, {57|, O, J2U and H22J) we obtain 



dt A 



E 



/ d 2 L 



+ 



£ \ dt A dy% m dt A 



dt A 

d 2 L 



*8 



1 1 _ A "^B , na ±fi 1 a 



tdq l dy c \ 



+ 



4>{t) dt 



d 2 L 



t dy a A dy% 



ftt) 



where the last equation is a consequence of being a Lie morphism. The above equations can be 
written as follows 

AJ,B , 



dt A 



dt A 



<p a A (t)Pa(W) 







'm , na jfi 

dt B dt A+L ^ Bi 



^dt A [dy<X 



4>(t) 



dL 

! dq i 



(93) 



4>(t) 



which are called the Euler-Lagrange field equations written in terms of a Lie algebroid E in the 
fc-cosymplectic setting. 

The results of this section can be summarized in the following 



Theorem 6.1 Let L :R k — 

be a section ofr k such that 



'x © E be a regular Lagrangian and let £ :R k x © E —* T k (© E) 



k 



C=l 



(94) 
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1. Then £ is a SOPDE. 

2. Let $ = (<!?,<]?) be a morphism on Lie algebroids between r K fc : TR k — > R k , and r : E —* Q, 
and Ze£ $ : M fc — > M fe x Q E be the associated map. If $ : R k — > E fc x © E 1 is an integral 
section of the SOPDE £, iaen is a solution of the the Euler- Lagrange field equations \93\) 
written in terms of a Lie algebroid E. 



6.1.3 Relation with the standard Lagrangian fc-cosymplectic formalism 

As a final remark in this Subsection, it is interesting to point out that the standard Lagrangian 
fc-symplectic formalism is a particular case of the Lagrangian formalism on Lie algebroids, when 
E = TQ, the anchor map p is the identity on TQ, and the structure constants = 0- 
In this case we have: 

• The manifold R k x © E is identified with R k x T\Q and T k TQ (T^Q) with T^(R k x T^Q). 

• The energy function El : R k x T^Q — > R is given by El = A A (L) — L, where the vector 

A=l 

fields A A on R k x T^Q have been explained in Remark 16.11 . 

• A section £ : R k x © E — ► T®{@ E) corresponds to a A;-vector field £ = ••-,£&) on 
M fc x T^Q, that is, i is a section of T k kxT , Q : T^(R k x T^Q) -» M fc x T^Q. 

• Let / be a function on R k x T k l Q, then 

d A f(Y 1 ,...,Y k ) = df(Y A ) , 
where d_f denotes the standard differential and (Yi, . . . , Y k ) is a /c-vector field on R k x T k Q. 

• We have that 

y c B ((x 1 ,...,x k )) = dt B (x c ) 

n£((X 1 ,...,X k ),((Y 1 ,...,Y k )) = lo£(X a ,Y a ), 

where uj a are the Poincare-Cartan 2-form of the standard fc-cosymplectic formalism defined 
in section [2.1.21 



• Thus, in the standard A;-cosymplectic formalism, the equation (J94J) can be written as follows: 



1 r)T 

dt A {i B ) = 4 , i u u A = -dE L + Q^c dtA6 A , 



which implies 



dt A (&) = 6 A , iZH^t = dE L +"£^dt A 

A=l A=l ° l 



In the standard case, a map <fi : M. k — > Q induces a morphism on Lie algebroids (TV/>, </>) 
between TR k and TQ. In this case, the associated map <E> of this morphism is defined as the 
first prolongation </>W of (j) given by 



d 







dt k 



Let us observe that $ = </>M (see I2.6 
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Thus, from the Theorem 16.11 and the above remarks, we deduce the following corollary, which 
is a summary of the Lagrangian fc-cosymplectic formalism. 



Corollary 6.1 Let L : M. k — > M. k x T^Q be a regular Lagrangian and £ = (£1, . . . , a k-vector 
field on R k x T^Q such that 

k k 

w 



Fit 

dt A {tB) = 4 , Y.H A "t = dE L+ Y,^Adt A . 

A=l A=l 



1. Then £ is a SOPDE. 

2. If $ is an integral section of the k-vector field £, then it is a solution to the Euler- Lagrange 
field equations [76]) in the standard Lagrangian k-cosymplectic field theories. Let us observe 
that $ = . 

Finally, we introduce a comparative table between the standard fc-cosymplectic Lagrangian 
formalism and the case on Lie algebroids: 

fc-cosymplectic Lie Algebroids 



Phase space R k x T^Q R k x © E 

formT iCal ^ £ A2(Rfe X T * Q) ^ G 5ec « T ^(® A Se <( T k E (® £))*) 

Lagrangians L : R k x T^Q -> K L : E fc x © £ -> M 



Geometric 



' dL . „ 4 , * dL^c 



equates E^)X = ^+E^ ^ = rK^ + ES? 



fc-vector field on M fe x TjjQ T fc E (© £?) = (M fe x © B) x RfcxT i Q T^(R k x © £) 



6.2 Hamiltonian formalism 

In this subsection we develop on Lie algebroids the equivalent to section 12.11 in the standard fc- 
cosymplectic formalism. 

k 

We begin this section by introducing the manifold (BE*, which plays the role of (T£) *Q in the 
classical fc-cosymplectic Hamiltonian setting. 

Let (E, [•, ■], p) be a Lie algebroid over a manifold Q. For the Hamiltonian approach we consider 
the dual bundle, r * : E * -> Q of E. 

6.2.1 Geometric elements 

k 

The manifold E * 



41 



The standard /c-cosymplectic Hamiltonian formalism is developed on the manifold M. k x (T^)*Q. 
Considering a Lie algebroid E as a substitute for the tangent bundle, it is natural to consider that 
the analog of {T^)*Q is the Whitney sum over Q of k copies of the dual space E*. 

k 

We denote by © E * = E *© . k . @E * the Whitney sum of k copies of the vector bundle E *, 
and the projection map r * : @ k E * — > Q, which is r *(ai q , . . . , afc q ) = q. 

_ fc 

Local basis of sections of r * :© £ * — > Q 

Let a* = (fli* q , • • • , dfc* ) be an arbitrary point of © E *, since ajj^ £ E *, and {e Q } is a local 
basis of sections of E * ({e a } is the dual basis of the basis of sections of E, {e a }), we have 
a A q =yaK q )e Q (q), then 

< = ^KJ(e a (q),0,...,0)+...+y Q (4J(0,...,0,e Q (q)) = ^y a (a^ q )el(q) , 

A,a 

where ej^ (q) = (0, . . . , e a (q), . . . , 0), and where indicates the ^4*^ position of ejj*(q). 

„ fc 
Thus, {e^} is a local basis of sections of © E*, and if (q l ,y a ) are local coordinates on 

(r *) -1 (J7) CB', the induced local coordinates (q l ,Va) on (r *) _1 (C7) C© £ * are given by 



g'( a *a> • • • ><J = 9 l (q) , y«K* q > ■ ■ • ' a fcJ = y«( a A a ) 



The vector bundle 7jf(® £*) 

We now consider the ^-prolongation T®(® E*) Cffi E 1 © E* ) of a Lie algebroid E over 

the fibration r* :ffi E* — > Q ( let us observe that in this case the fiber 7r : P — > Q is r* :ffi £* — > Q). 

The vector bundle 2jf (© £"*) plays the role of T^(R k x (T%)*Q) -» R k x (T£)*Q, and its sections 
corresponds to the /c-vector fields on R k x (T^)*Q. 

Recalling section HT3| for this particular case we obtain that if (q l ,y A ) are local coordinates on 

k k 

© E*, we have the local coordinates (t A , q\ y A , z% v% , {va)^) on T^{® E*) given by (see ([63]) ) 
^(a q , W (ti6q .)) = t A (t) , <f (a q , W (t)6J) ) = <f (q) , y^(a q , W (t)6J) ) = y4(6 q *) , 

^2( a q> W(t,6J)) = y% a <i) > v A( a q^(t,fe q *)) = %t,i, q *) (O ' (^)f ( a q> W (t,& q *)) = V A {t,b*){Vp) , 

and the local basis ({^, ^4, (V A )^} of sections of r k : 7I E (® £*) -» M fc x © £"*, defined 
in (|65p . is written here as follows 

A 

A^(t,&*) = (^(q),(0,...,/£4(q)^f .,0)) 



3$(t,b*) = (0„(0,..., 



A 



5t B 



(t,6 q ) 
A 



(t,6 q ) 
...,0)) 



(95) 



(V^(t,6 q ) = (0 g ,(0,...,^ ....,0)) 
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6.2.2 Hamiltonian formalism 

k 

Let (E,[-,-]e, p) be a Lie algebroid on a manifold Q and H : R x (BE* -» 1 a Hamiltonian 
function. 

The Liouville sections 

We may introduce fc sections of the vector bundle (7^(0 £"*)) * — > R fc x © i? * as follows. 

A :R fe xffi£ — ► (T k E (®E*))* 

(M q *) ^ ft,^) : (^(©^*))(W) — M 

^(t,6 q *)) >— » @(L*)K, W(t,6 q ')) = &| q (a Aq ) • 



In local coordinates we have 



/3 



„ _ k 

where y A , {V A )p} is the local basis of sections of (T k (© E)*) *, which is the dual basis of 

the local basis {X A , y£, {V A f B } of sections of T k E (® E). 

Now for each A we define the 2-section Fi A : R k x © E * -> (0 A (7^(© E 1 *))* as 

n A = -d A e A , 

, k 

where d denotes the derivation introduced in (1681) with P =ffi E* . 



By a straightforward computation from (|66j) . ([67]) . ([68]) . ([95]) and ([96]) . we obtain 



^ = E *Z A + \ E C W*1 A *2 • ( 97 ) 
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Hamilton's equations 

Let 77 : R fc x © * — >Rbea Hamiltonian function. For an arbitrary section £ : R fe x © £" 
7^(ffi £?*) of f fc : (0 E 1 *) -> R fe x © £? *, we consider the system of equations 



3£(0 = tf , ^ A = \{d A H-j2^y B A ). (98) 

' B=l 



Writing £ = fg3$ + Z% x % + (.£b)Z(V B )%, from ([69]), ([95]) and ([97]) we obtain that (p} is 
equivalent to the equations 

rB rAto* 1 8H A 7 4 „ 1 j dH 

i B = S C , S bU = Iq^b ' - C apVlU = -^P^ ■ (99) 



From (1991) we obtain 



, E^a=es = S , De4-K/a = -^. (100) 

A=l A=l A=l y 
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Substituting the second identities of (|100p in the three equations, we have 

A=l 



B — U C i SB 



Let ^ : 



1 -5 B 
k 



(101) 



A=l 



-E*, ^(t) = (ip (t) , ip 1 (t) , tp^ (t)) be an integral section of £ ,that is, ip is an 



integral section of the associated fc-vector field T2(£) = (t^^)' • • • > r 2 (£)) on M fc x © E*. Thus 

,B_^ B fPA_W (t A) B_ 9 ^ 



(102) 



From (fTUTJ) and (fT02j) we obtain 



<9V 



<9i s 



dip 



dt A 



fa 



dH 



dt A 



dH 



V>(«) 



(103) 



In the standard case, a solution of the Hamilton equations is a section ip : R k — > M fc x (T^)*Q 
locally given by ^(t) = (t, ip 1 (t) , ipf (t)) which satisfies the equations (|3J). Let us observe that giving 
a map ip :R k ^R k x (T^)*Q is equivalent to giving the following morphism of Lie algebroids: 



Tip 



T(R k x {TlYQ) = T T ®{R k x (T fe 1 )*Q) 



T R fe x(Tl)*Q 



In our case, a solution to the Hamilton equations must be a morphism ip = (ip, ip) of Lie 



algebroids between r R k : TR k — > R k and t e 



k 

x®E* 



x © E*) C E x T(M fc x © £"*) 



° fc x © £"*, where T E {R k x © £"*) is the prolongation of the Lie algebroid E over the fibration 



k x © E* -» Q. 



TM fc — T B (M fe x ©£* 



fc 

; x © 



Let {e Q } and {^a, Va, V^} be a local basis of Sec(r R k) and Sec(r l 



{e a } and {^ Q ,V A ,V^} their dual basis. (Here X a (t,b*) = (e a (q), p l a (q 



9 



respectively, and 



(0q, 







9 



11 • ^ J dq i 
^ and V%(t, 6* ) = (0, ^ ^ ^)). If ^ = (ip, ip) is locally given by the relations 

±(t) = (t A , ^(t),tp A (t)) . ip = (iP%X a + V A + VgX) ® e A 
then the morphism condition (|59p can be written 



„« ,/,<* _ ^ j,B 



at A > ^ " g t A 
From (|103p and (|104p we obtain the following: 



9 < _£>n < h - 



(104) 



44 



Theorem 6.2 Let H : R k x © E* -> E 6e a Hamiltonian and £ : R k x £ -> ^ E (© #*) &e a 



section of r k such that 

®E* 



B=l 

/j 

Let ip = (ip,ip) be a morphism of Lie algebroids between T R k : TR k — ► M fc anc? r s k : T E {® 
~ ' R k x®E* 

k k k 

E*) C E x T(IR fc x ffiPJ^l'xeB*. J/^l'^i'xlF is an integral section o/f, then ip 



is a solution of the system of partial differential equations 



dtp' 



dt A 



f dH 
P 



k aj, A o tt k 



sr^ f idH ^ _ lA ,. 



Pa^A - ^ A . ^/JA ~ ^A > U ~ ^A + L ^B^A > 

which are called the Hamilton field equations on Lie algebroids. 



6.2.3 Relation with the standard Hamiltonian fc-cosymplectic formalism 

As a final remark, it is interesting to point out that the standard Hamiltonian /c-symplectic for- 
malism is a particular case of the Hamiltonian formalism on Lie algebroids. 

In this case we have: 

• The manifold R k x © E* is identified with R k x (T fc 1 )*Q and T^ Q ((T^)*Q) with T k 1 (R k x 

{TlYQ)- 

• A section £ : R k x © E* — > 2jf (ffi -E 1 *) corresponds to a A;-vector field £ = (£i, . . . ,&.) on 
M fc x (T fc 1 )*Q, that is, £ is a section of r* fcx(Tl) , Q : T^{R k x (T fe 1 )*Q) -> R k x (T fe 1 )*Q. 

• Let / be a function on R k x (T£)*Q, then 

d A /(y 1 ,...,y fc ) = d/(y A ) , 

where (if denotes the standard differential and (Yi, . . . , Y^) is a /c-vector field on R k x {T^)*Q. 

• We have that 

^((Xi,...,^)) = dt B {X c ) 
il A ({X 1 ,...,X k ),((Y 1 ,...,Y k )) = lj a {X a ,Y a ) . 



• Thus, in the standard A:-cosymplectic formalism the equation (|98p can be written as follows 



which implies 



dt A (tB) = 6i , E^ A = dH-J2^dt A 

A=l A=l 
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Thus, from the Theorem 16.21 and the above remarks, we deduce the following corollary, which 
summarizes the Hamiltonian A;-cosymplectic formalism. 



Corollary 6.2 LetH:R k x® E* 
field on R k x {T%)*Q such that 



be a Hamiltonian function and £ = (£1 , . . . , a k-vector 



dH 



dt A (Z B ) = ^ , E Ha"* = dH-Y J Q^dt A . 

A=l A=l 

Thus, if tp : R k — > R k x (T k l )*Q is an integral section of the k-vector field £ ; then it is a solution of 
the Hamilton equations 



In the following table we compare the &-cosymplectic Hamiltonian formalism in the standard 
case and on Lie algebroids: 



Phase space 

Canonical 
forms 



fc-cosymplectic 

M fc x {Tl)*Q 

lu a 6 A 2 (R fc x (T fe 1 )*Q) 



Hamiltonians H : R k x (T^)*Q -> 
dt A ((X H ) B ) = 5 



Geometric 
equations 



E 8 



dH 



^ dt A 



{{X„) X ,...,{X H ) K ) 
k- vector field on R k x (T fc 1 )*Q 



Lie Algebroids 



R k x © E* 

n A G Sec{(T E (® E*))*) A Sec((T E (® £?*))*) 



iJ : R fc x © 

5^(0 



£ G Sec(T k E (® E*)) 



T E {® E*) = (R k x © E) x RfcxT i Q T,i(IR fe x © E*) 
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